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Abstract. We derive a C k+ ^ Holder estimate for Pep, where P is either of the two 
£S| ' solution operators in Henkin's local homotopy formula for <9& on a strongly pseudoconvex 

real hypersurface M in C", <p is a (0, g)-form of class C k on M, and k > is an integer. We 
Q ' also derive a C a estimate for Pip, when ip is of class C a and a > is a real number. These 

estimates require that M be of class C k+ i, or C a+2 , respectively. The explicit bounds 
for the constants occurring in these estimates also considerably improve previously known 
such results. 

These estimates are then applied to the integrability problem for CR vector bundles to 
gain improved regularity. They also constitute a major ingredient in a forthcoming work 
' of the authors on the local CR embedding problem. 
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1. Introduction 
In this paper we will prove the following. 
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Theorem 1.1. Let n > 4. Let M be a strongly pseudoconvex real hyper surface in C n 
of class C 2 . Let uo be an r x r matrix of continuous (0,l)-forms on M. Assume that 
8m^ = wAu. Near each point of M, there exists a non-singular matrix A of Holder class 
C 1 / 2 satisfying 8m A = —Auo and 

a) Ae C a {M), ifuoE C a {M), M e C a+2 and a > is a real number; 

b) Ae C k+ ^(M), ifue C k {M), M G C fc+ f and k > is an integer. 

If uo and A are of class C°, the identities 8m^ = uo Auo and 8m A = —Au are in the sense 
of currents; see section [31 This work is a continuation of [5]. For earlier results see [23] and 
Ma-Michel [15]. 

We now describe the above result in terms of an integrability problem for CR vector 
bundles Q23J). Let E be a complex vector bundle of rank r over M with a connection 
D. For a local frame e = (ei, . . . , e r ), Dei = ^j^j, where uo = (uoj) are connection 1-forms 
on M; by a frame change e = Ae, De = uoe with Co = (dA + A^A^ 1 . The integrability 
problem is to find an A such that the new connection forms Co = (oof) belong to the ideal 
J(M) generated by (1, 0)-forms on M. The integrability condition is that the curvature 
2-forms duo — uj A uj belong to J[M). 

We want to mention a few ingredients in the proof. The integrability problem is local. As 
in [2D], [S], we will use the Henkin local homotopy formula. Let M C C n be a graph over a 
domain D C R 2n_1 , given by y n = \z'\ 2 + f(z', x n ) with f(0) = <9f (0) = 0, where z = (z', z n ) 
are standard coordinates. Set M p — M D {(x n ) 2 + y n < p 2 } and D p = n(M p ). Suppose 
that D Po C D and the C 2 -norm ||r|| P0i2 of f on D Po is sufficiently small. For < p < po and 
n > 4, we have the Henkin homotopy formula 

(1.1) (p = d M P<f + QduW 

for (0, g)-forms ip on M p with < q < n — 2. We will prove the following estimates. 
(i) Let a > be a real number. Then 

\\P^\\(i-a) P ,a < C a p- S *a- S {\\ip\\ p ^ a + ||r||p >0+2 |Mlp,o)- 
(ii) Let > be an integer. Then 

\\ P( P\\(i-<r) P ,k+$ < C k p- s *o-- s ({l + ||f|| Pj 5)||^|| P) fe+ ||r|| Pifc+ |||^|| P ,o); 

\\Pv\\(i-*) P ,i/2 < Cp-V 1 - 2 "^!!^, fc = 0, q = l. 

(See (110.161) for s, s*.) We emphasize that the estimates hold for all < p < p < 3 and 
< cr < 1. Under the coordinates (z',x n ) of M, || ■ ||p |0 denotes the standard C a -norm on 
the domain D p C R 2n_1 . The same estimates hold for Q; however, the second estimate in 
(ii), based on a special property of the kernels for (0, 1) forms, is not applicable to Q when 
it operates on (0, q + 1) form with q > 0. See Romero [T7] for estimates in Holder norms 
for the Heisenberg group case and an example showing necessity of blow-up constants. 

The estimate (i) is proved in Proposition 110.11 and (ii) is in Proposition 111.11 The 
above theorem and two estimates are our main results. With the estimates, we will prove 
Theorem 11.11 by using a KAM rapid iteration argument as in [5] , which avoids the Nash- 
Moser smoothing techniques. 
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We now describe some ideas to derive the estimates. The integral operators P, Q are 
estimated in the same way. Let us focus on P = P + Pi, where Pi is an integral operator 
over dM p and Pq is over M p . Since we need estimates only on shrinking domains, the 
boundary integral Pi can be treated easily. For the interior integral Pq, via cutoff, the 
difficulties lie in the case where the (0, g)-form (p = Y2 < Pl ( ^ zJ ^ as compact support. We 
will see that coefficients of (0, q — 1 )-form P {p are sums of JCf(z) = J M /(C)&(C z ) dV(C), 

where f(Q — ^PjiCWjiC) an d U-j depend on derivatives of |C'| 2 + ?((', £ n ) of order at most 
two, and 

KC z ) = 7 77 — -T^r 77 ^6' a = n-q, b = q 

(r ? • (C - z)) a {r z ■ (C-z)) b 

for r(z) = —y n + \z'\ 2 + f(z',x n ); see section |3] for details. 

To deal with the singularity of the kernel along ( = z, we fix z G M and apply the 
approximate Heisenberg transformation £ — > defined by 

^■■C = ('-z', C = -2xr, • (C - z). 

We will show that — 2Im(r z ■ (£ — z)) form coordinates of ip z (M), and under this 

coordinate system the integral becomes 



Here 



£/(*)= / f{^\Q)K{C€,z,x n )dV{C€)- 

l/l=l 

((-I 7T Cn\I 

h 1 {C P n \ — V *' S*; I | 7 — 

afeU *'^ j (iai 2 +^Hiai 2 -^) 6 ' ' 

where I = (ii, . . . , ?2n-i) an d we use standard multi-index notation. The coefficients 
£j(C*j£*)") are °f c l ass ^ a if (C>C*)(t^ 0) is fi xe d and f G C a+2 . Since / has compact 
support, one can take derivatives of JCf directly onto / and onto Ej without disturbing the 
kernels k ah . The transformation ip z has been used by other people. See Bruna-Burgues [lj 
and Ma-Michel [13]. To obtain estimate (ii), we need to return to the original coordinates 
after differentiation. This will give us another formula for the derivatives of JCf, which 
allows us to reduce the C fc+ 2-estimates to the Holder ^-estimate for new kernels of the 
same type. 

We would like to mention some methods to derive the fundamental ^-estimate. Kerz- 
man |TT] obtained Holder a-estimates for all a < | for <9-solutions, by estimating a Cauchy- 
Fantappie form. Folland-Stein [3] used non-isotropic balls and piecewise smooth curves in 
complex tangential directions to obtain estimates in their spaces on the real hyperquadric. 
Henkin-Romanov [S] obtained the ^-estimate for (^-equations on strongly pseudoconvex do- 
mains via a type of Hardy-Littlewood lemma (see also Henkin [7] for db on strictly convex 
boundaries). Our estimate, like the classical Holder estimate for the Newtonian potential, 
is still based on a decomposition of domain. However, we delete a cylinder about the pole, 
instead of a (non-isotropic) ball. The radius of the cylinder is optimized for the ^-exponent 
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and is yet so large that, when estimating the Holder --ratio at two points, we can ignore 
their non-isotropic distance and connect them with a line segment. 

In the 5 dimensional case there is an extra term added to the right-hand side of (11.11) . 
As of this writing, it remains unclear whether such a more general homotopy formula can 
be used. See [21] and Nagel-Rosay [16]. 

The ^-estimate for a solution to <9-equations for (0, l)-forms on strictly pseudoconvex 
domains with C 2 boundary is obtained by Henkin- Romanov [Sj. For C fc+ 5-estimates for 
solutions of 9-equations of degree (0, 1) on strictly pseudoconvex domains with C m boundary 
(m > k + 4), see Siu [T5]; for 9-equations in higher degree, see Lieb- Range [12j. The C°- 
estimate for a solution to ^-equations on M p , without shrinking M p , is given by Henkin [7]. 
For C fc -estimates for the homotopy formula for db operator on shrinking domains, see [21] . 
Michel-Ma [13J also obtain C fc -estimates for a modified homotopy formula without shrinking 
domains, by introducing an extra derivative via db- 

We want to mention that in estimating (i) and (m) we need some Holder inequalities. 
For the convenience of the reader, we present these inequalities in Appendix A, following 
the formulation and proofs of Hormander [9] . 

The estimates (i) and (ii) will be used to improve regularity in the local CR embedding 
problem in [6]. To limit the scope of this paper, we leave the estimates in Folland-Stein 
spaces for future work. 

2. Notation and counting derivatives 

To simplify notation, set z' = (z 1 , . . . , z n_1 ), z = (z 1 , z n ), and 

x = (Rez,lmz) = 7r(z). 

Analogously, £ = (ReCImC). Denote by | ■ | the euclidean norms on C"" 1 ^"" 1 x R = 
R 2n ~ 1 and C ra . Our real hypersurface M C C ra is always a graph over a domain in 
C n_1 x R. Let M p = M fl {(x n ) 2 + y n < p 2 } and D p = ir(M p ) . For the real hyperquadric 
M: y n = \z'\ 2 , tt(M p ) is exactly the ball B p = {x e R 2n_1 : |x| < p). On R 2n_1 , we 
will use the volume-form dV = dC, 1 A ■ • • A d^ 2n ^ 1 . On dD p , we will need (2n — 2)-forms 
dV s = di 1 A • ■ ■ A dt A ■ ■ ■ A d^ 2n -\ 

Let k > be an integer. Denote by d x u a derivative of u of order \I\, where J is a 
standard multi-index. Let d k u denote the set of the /c-th order derivatives of u. For a 
function uonflc R 2n_1 , define 

||<9 fc u||,D,o = sup |<9 7 w(a;)|, \\u\\ D .k = max ||<9 j h||,d,o, 

x£D,\I\=k 0<j<k 

\u(x) — u(y)\ 
\u\D,a = sup — : — — , < a < 1, 

x,y£D p — y\ a 

\\u\\ D ,k+ a = max{||w|| Afe , |9 J w| CiQ ,: |/| = k], < a < 1. 

If A = (a\) is a matrix of C k functions on D, we define ||vl||D,fc = max ij{|| a i ||d,A:}- Define 
||^4||D,fc+a analogously. 
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To avoid confusion and in the essence of estimates (i)-(ii) in the introduction, the C a - 
norm of a function on M p is its C a -norm on D p C R 2ra_1 , defined above. The C a (M p ) norm 

of a (0, g)-form f = Yl ^Pjdz' 1 is the maximum of C a -norms of (fj. The C a -norm on M p will 
be denoted by || ■ ||c a (A/ p ) = || • \\d p ,o,, or simply by || ■ ||p )0 when there is no confusion about 
M. 

Throughout the paper, Ck denotes a constant dependent of k and this dependence will 
not be expressed sometimes. Constants, such as C, C\,Ck, might have different values when 
they reoccur. All constants are independent of M,f,p,p . 

Let M be defined by 

(2.1) r(z) = -y n + \z'\ 2 + f(x) = 0, x G D, 
where f e C 2 (D). Throughout the paper, we make the basic assumption 

(2.2) ^CD, r(0) = r z (0) = 0, e = ||r|| P0)2 < C \ 

We emphasize that C is a large constant to be adjusted several times. However, it will 
not depend on any quantity other than n. 

Counting derivatives. We need to count derivatives efficiently and use the count to 
estimate norms. Such a counting scheme is essentially in [9] and we specialize it for two 
reasons. First, the homotopy formula involves two extra derivatives of the defining function 
r of M; second, for each consecutive x-derivative on <pjo tpz 1 , the x-derivative which falls 
on <£>j yields an extra factor d 2 r(z) via the chain rule and ip z (() = (C — z', —i^ z • (C — z ))- 
We illustrate below how to use the scheme to cope with the two extra derivatives on r and 
the consecutive derivatives. 

Recall that for I > 1, d l r(z) = d l r(x) is the set of the l-th order derivatives of r. Define 

<9*K£> b)=p(€,x,(1 + f x nf^)~ l , r=l, dr(g), df(x)) , 

(2.3) d 2 r(£, x) = p (£, x, (1 + f^f^) -1 , r^, 9r(0, d 2 r(£), df(x), d 2 f(x)) . 

Here and in what follows, p is a polynomial with constant coefficients. Its coefficients and 
degree are bounded in absolute values by a constant depending only on fixed quantities, 
say k, n. Also, p might be different when it reoccurs. In general, define 

<^ +fc r(£, x) = d * r (^ x)d h r{0 ■ ■ ■ d^r{^)d Jl r{x) ■ ■ 
where the sum is over finitely many multi-indices Jj, Jj satisfying 

3 I 

Yj\h - 2 ) + Y^\ J i\ - 2 )^ k > i J ii ^ 2 ' \ J i\ ^ 2 - 

1=1 1=1 

We will write d 2+k r(!;,x) = d 2+k r(x) when it depends only on x. With this abbreviation, 
we have simple relations 

(2.4) dl +k rdl + 'r = d 2+k+ >r, d J d 2+k r = d 2+k+ ^r. 
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From |9j, Corollary A. 6 (see Proposition IA.5I in Appendix A), we know that with D 2 p = 
D p x Dp, 

m mm 

II WfjWD^+b, < C\ a \ + \ c \ +m p- bl 6m (lJ WfjllD^kj+aj + Yl WfjW^kj+ej) 
3=1 3=1 3=1 

for any non-negative integers kj and non-negative real numbers a,j, Cj such that (&i, . . . , b m ) 
is in the convex hull of (a\, . . . ,a m ), (ci,...,c m ). With the above abbreviation, basic 
assumption (12.21) . and < p < p < 3, one obtains 

(2.5) R 2+fc r|| p/l < C a+k p- a - k \\r\\ Pi2+k+a , ||r|| p>2+fc+a = 1 + \\f\\p^+k+a 

for all real numbers a > and integers k > 0. 

We will also need a chain rule. Recall that ip z : C = C ~ Z 'X* = ^ r z 4 (C — z ) an d define 

*(e,x) = (^(C) > x) J z = 7t\^(x), C = vr|^(0- 

Let < p < p < 3. We will show that B p / 2 C D p C f?2p and 

W p = ^(D p x D p ) C B 9p x D p . 

(See Lemmas 15. 1H5. 21 ) The Jacobean matrix of \1/ depends only on derivatives of r of order 
< 2 and has determinant 1 + f x nf^n (by (16.21) ). Then the chain rule takes simple forms. 
Let (\I /_1 )- ? be the j-th component of ^J' 1 . Then 

^{(r^^ror 1 , |I| = 1; 

(2.6) d K {fo^- 1 )= {d L fd 2 + lKHLl r)o^-\ 

\L\<\K\ 

We will show that the Lipschitz constant of ^I^ 1 on W p is bounded by C (see Proposi- 
tion [572]). Then taking Holder ratio in (12. 6p with k = [a] gives us 

(2.7) ||/ o V^Ww^ < C k p- a (\\f\\ DpXDp , a + \\f\\ D p xD p ,o\\r\\p,2+a)- 

Note that the above mentioned <pj o tjj' 1 is a special case. 

The above counting scheme via (I2.4l) - (l2.7p and its variants will be used systematically. 

3. The Henkin homotopy formula 

In this section we recall the homotopy formula by following the formulation in [21] . We 
discuss the formula for differential forms of low regularity. 

Let M C C n : r = be given by (I2.1l) - (l2.2p . We first recall a representative 8m for the 
^-operator. By definition, a (p, g)-form tp of class C a on M is the restriction of some (p, q)- 
form <p of class C a in a neighborhood of M. If a > 1, we define d\,<p to be the restriction 
of dip to M. Notice that on M, 9 = —2idr = 9 and that d^ip is well-defined modulo dr 
when < p < n, and it is actually well-defined when p = n. By a tangential (0, g)-form ip, 
we mean a form (p = Y2\i\= q Pjdz' with dz' = (dz 1 , . . . , dz 11 ^ 1 ). A continuous (0, g)-form ip 



can be written uniquely as <p' + (p" A 9 for some tangential forms ip', if". Define 



X a = S w - -^-<3pr, d M <P = d M p' =^ ^2 X a (p' 7 dz^ A dz' . 

\I\=q l<a<n 



Then a straightforward computation shows that 

db(fi = OmP mod 9. 

Each (n, g)-form on M can be written as ip" A dz 1 A • ■ ■ A dz n ~ x A where p" is tangential. 
If e C 1 , then 

(3.1) d 6 (^>" A dz 1 A ■ ■ • A d^ 1 A9) = d M p" A dz 1 A ■ ■ ■ A dz 71 ' 1 A 9. 

Let <£> be a continuous (0, g)-form on a domain U C M, and be a continuous (0, q — In- 
form. Suppose that g > 1. We say that 9&0 = </? mod holds on U as currents, if 
J M (ft A db4> = (— l) q f M pAip for all C 1 -smooth (n,n — q— l)-forms if) with compact support 
in U. 

Write r z = r z (z) and r ( = r ? (C). Set iVo(C, z) = r c ' (C - z ), Sb(C, z) = r z ■ (C - z) and 

d c r A (r 2 ■ dp A (^ c r)"' 2 ^ A (^ A dQ^ 1 

(3 3) n 0+ -(C )- dCA ^ A {rz ' d() A (^) w " 3 " 9 A (chr z A dQ^ 1 

Note that 0(C) annihilates ^q7_i(C,z) and Q^~((,z). Let n > 4 and < g < n - 2. For 
a tangential (0, g)-form on M p , we have the homotopy formula 

(3.4) <p = d M (P^ + P[)ip + (Q' + Q[)d M p, z e M p . 

Here Pq, P(, Qq, are tangential parts of 



= ci J Mp </? A nJ ff _i(C, ^i^(z) = c 2 J aMp y9 A fio+_!(C, z), 

Q if)(z) = c 3 f if)An+-((,z), Q 1 iP(z) = c,j 4)AQ°+-(C,z). 



From now on, all (0,g)-forms if on M are tangential. By ||<£>|| Pia , we mean the norm 
ll^'Up.a as defined in section [2], where ip' = p mod 9 and p' is tangential. By ||P(/?|| pa as 
used in the introduction, where P is either of solution operators in the homotopy formula, 
we mean ||P'<£>|| Pia . By an abuse of notation, p stands for forms on M p and D p = tt(M p ). 

Next, we describe kernels of P-, Q'j on domain D p via coordinates x. We have 

(3.6) r r d(Ar z -d(= ^ r c i(r ci - r z3 )d( J A d( l , 

l<j,l<n 

(3.7) r r d(Ar z -d(Ad( n = Yl r c l3 ( r C a ~ r z a )d( a A d(^ A d( n . 

l<a,/3<n 



Assume now that (, z e M p . We compute d( n and dz™ in different ways. We keep the 
latter a (0, l)-form and find its tangential part. We have 

(3.8) dz li =-^--dz 7 mod 9(z), 

(3.9) d( n = (1 + ir^)dC + i2 Re{r ? , ■ d('} = 2ir^dC + il Re{r c ■ d('}. 

Note that in (j3^]h we have used r(C) = -rf + |C'| 2 + f(£) = 0. In (JSS])-(JX7D and d 2 r 2 AdC, 
we use f l3.8p - fl3.9|) to rewrite rfi™ and <iC™, respectively. In d^d^r, we use (13.91) to rewrite 

d( n , d(". From (D-flES]), we obtain on M p 

(3.10) w*)=Y. E E W A ?^w^§w4 dm 

|/|=g-l |J|=g l<j<n ^ V ^oM^J 

(3.1D pm*) = E EEeW < 7 (e^wo(rc r ^K 3 

Here and 5|f J are polynomials in (r^, r^, r^, r— , 1/Vpr, r 22 ). We make a remark for the 
case q — 1. In this case we need to remove 52ij|=o m (I3.10p - d3.lll) . Also, A^ J = Aj/ and 
gapj def ^«^ J are independent of 2. This observation will play a role in the —estimate of 
P'ip when <£> is a (0, l)-form. 

See also Chen-Shaw [2] for homotopy formulae. In this paper we replace the strict con- 
vexity of defining function r in [2] by the condition (12.21) with < po < 3; see Appendix B 
for details. We remark that the homotopy formula (13 .4p holds as currents, when ip and 
db^p on M p admit continuous extensions to M p . See Appendix B for a proof by using 
the Friedrichs approximation theorem. Henkin [7] formulated db in the sense of currents. 
Shaw [T8] also used the Friedrichs approximation for ^-solutions. 



4. Kernels and the approximate Heisenberg transformation 

In this section, we will describe briefly the new kernels when the approximate Heisenberg 
transformation is applied. The contents of next few sections are indicated at the end of 
this section. _ 

Recall that in (I3.10p functions Aj have the form dir. Hence coefficients of P^ip are sums 

over | J | = q and 1 < j < n of JCipj(x) = f D <^j(0^a&(£? ^ ^(0- H ere Ci z £ M and 

HC, x) = k^it, x) = j- — - (J z ° — a = n-q, b = q. 

(r c ■ (C - z)) a (r z ■ (C - z)f 



To understand the kernel, let us compute its denominator. Set f(z) = f(x). On M x M 
we have 

r z - (C - z) = 7 • (C - + l -(C ~ z n ) + r z ■ (C - z) 

= ^-{C'-z')-\{\C'\ 2 -\A 2 ) + ^ n -x n ) 

= H m (r z -((-z))-±\£-z'\ 2 
-^r(0-r(z))+Re(r z -(C-z)). 

Also 



r ( ■ (C - z) = r z ■ (C - z) + (r c - r 2 ) • (( - z) 

= i Im(r 2 • (C - z)) + z'\ 2 + (r c - f*) • (C - z) 

-l[r(C)-r(z)-2Re(f z -(C-z))}. 
The first two terms in r z ■ (( — z) and ■ (( — z) can be simplified simultaneously. Define 

(4.1) N{(, z) M |C' - z'| 2 + 2* Im(r 2 • (C - z)). 

Then we arrive at the basic relations 



-2r z -(C-z)= N((, z) + A((, z), 2r ( • (C - z) = N(£, z) + B((, z) 

with 

A(C, = f(C) - t{z) - 2 Re(f, ■ (C - z)\ B({, z) = 2(f c - f z ) • (C - *) - A(C, z). 

By the condition (12. 2p on f, we will show that D po is convex and hence 

\A((,z)\<Ce\(-z\ 2 , \B(( lZ )\<Ce\(-z\ 2 } ( } zeM po . 

We will show that \N((, z)\ > C~ l \C — z\ 2 on M Po x M Po . Consequently, the kernel of 
is factored as 

Kt,x) = T 1 (t,xy a m,xy b d> ^ x)i nj ~ rzJ \ 

N"(C,z)N b ((,z) 



x) = l + N~\C, *)B(C, z), T 2 (f , x) = l + AT-HC, z)A(C, z) 

for (,z G M po . Moreover, min{|Ti(£, x)\, |T 2 (£, x)\} > 1/4 when (£,x) is on _D po x D po 
and off its diagonal. Now, identity (14.11) suggests the following approximate Heisenberg 
transformation 

^■■C = C-z', C = -2ir z -((-z). 



10 



We will show that for fixed z G M po , Q = (' — z',^" = 2lm(r z ■ (( — z)) indeed form 
coordinates of M po . Thus, with (,z E M po 

N(c,z) = \c\ 2 +tc = m*), 

k(C, x)=J2 E i&> x)£N*(Q~ a N- b (^), a + b = n. 
|/|=i 

When ip has compact support, the decomposition for x) allows us to take x-derivatives 
of Kipj(x) directly onto coefficients x) and onto ^(V^ 1 (£*)); without destroying the 

integrability of the kernels. 

We now describe the contents of next few sections. 

We will carry out the details of this section in sections El El and [HI In section El we will 
also study how domains B p , D p = n(M p ) and mp z (M p ) are nested. We will need Holder 
inequalities in Appendix A for domains D p . Therefore, we will verify that under the basic 
assumption (12.21) and < p < po < 3, D p is convex and B p / 2 C D p C B 2p . In section El we 
will also express the graph ip z (M po ) for z G M Po as 

€ = E h i&> x )& & = (ReCImC). 

\I\=2 

The latter will be used to show \r z ■ (( — z)\ > C^i^pa) 2 for z G M( 1 _ cr ) p and ( G dM p . In 
sections M and [HU we derive the C a -estimates. The |-estimate is in section H21 following a 
reduction for C fc+ 5-estimates in section [TT1 

We conclude this section with a lower bound for \( n — z n \. By the basic assumption (12.21) . 
D po is relatively compact in D and hence (x n ) 2 + y n = p 2 on dM p for < p < Pq. Then the 
image of the projection of dM p in the z n -plane is contained in the parabola (x n ) 2 + y n = p 2 . 
Therefore, for z G M( 1 _ CT ) p and ( G dM p with p < po(< 3), we obtain 

(4.2) \C-z n \ > C- l p 2 o. 

5. Domains and images under the transformation 
Recall that our real hypersurface M is given by (12. ip - (12. 21) . and 

M p = M f] {(x n ) 2 + y n < p 2 }, D p = tt(M p ) = {x G D : \x\ 2 + f{x) < p 2 }. 

Lemma 5.1. Let M satisfy (£Oj). Suppose that < p < p . Then D p is strictly convex 
with C 2 boundary. Also, 

B(i- ce )p Cfl p C B {l+Ce)p , C x pa < dist(9Z) ( i_ (7 ) p , dD p ) < Cpa. 

Moreover, constants Co, c,C are independent of p and f. 

Proof. Let e = ||r|| P05 2 < Cq 1 . The strict convexity follows from the positivity of the 
Hessian of (p(x) = (x n ) 2 + y n = \x\ 2 + f(x) on D p . Since G D p , then \r(x)\ < Ce\x\ 2 on 
D p . Now, 

(1-Ce)\x\ 2 <(j)(x) <(1 + Ce)\x\ 2 . 

In particular, for a possibly larger C, we have B^_ Ce y/2 p C D p C B, 1+Ge si/2 p , since D Po C D 
implies that <fi = p on 0D P for all < p < po- 
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Let x G 9D(i_ CT ) p . Then <f>(x) = ((l-a)p) 2 and \(l-a)p < \x\ < 2(1 — a) p. For y G D p , 
we have \4>(y) — 4>(x)\ < C\\d l 4>\\ P fl\y — x\. We get 

\m\ < (1 - *)V + C||0VlUo|v - x| < (1 - a)V + Cp|y - x|. 

Hence, < p for |y — x\ < C~ l pa. This shows that &vsk(dD(i_ a ) p ,dD p ) > C~ l pa. 

On the other hand, if y = (1 + t)x G D p and t > 0, applying the mean-value-theorem to 
0((1 + for < s < t yields 

(t>(y) > ((1 - a)p) 2 + x- (y-x)- Ce\y\\y - x\ 

> p 2 (l-a) 2 + t\x\ 2 -C'ept\x\ 

> p 2 {(l - a) 2 + U(l - a) 2 - 2C"et}. 

This show that <p((l + t)x) > p 2 if (1 + t)x G D p and t > Ccr, a contradiction. Therefore, 
dist(dD {1 _ a)p ,dD p ) <Cpa. □ 

Recall the approximate Heisenberg transformation 

^ z :C = ('-z f , C = ~2ir z -(C-z). 

Before applying ip z to kernels k J ab ((, z), we need to know how it transforms M p . Recall our 
notation x G R 2n_1 and £ G R 2n . Define a map ip x by relations 

£* = ^(0 = ^(0, C,^eM P0 . 

Set :r) = (^ x (£),a;). We have the following. 

Lemma 5.2. Let M: y n = \z'\ 2 + r(,z', x n ) satisfy (jff.ifl with < Pq < 3. There exist 
constants C,C m , independent off, p and po, such that the following hold. 

(i) If x £ D p and < p < po then 

4> x (D p ) C B 9p , ^(D p x D p ) C B 9p x D p . 

(ii) For u,v E D po x D po , 

C~ x \v -u\< \V(y) - < C|u - w|. 
If particular, if z G M po £/ien ip z (M po ) is a graph over irij; z (M po ). 

Proof. Let = |z'| 2 + f (ac). By (Q, TT^ C D and e = ||f|| po 2 < C^ 1 - For brevity, set 
M = M P0 . 

(i). Assume that < p < po- Since _D Po is convex, we have \r(x)\ < Ce\x\ 2 on D Po . The 
map t\) x is defined by C* — C — z ' an d 

(5.1) e - e - x n + fAR(0 - R(x)) + 2 Im[^ • ((' - z')] 

= C - x n + 2 Im (z 7 ■ C') + f x n (R(£) - R(x)) + 2 Im[ry ■ ((' - z')\. 
Let be in D p . Recall that D p C B(i+ce)p- We have 

|x| < (1 + Ce)p, |£|<(l + Ce)p, |r s «|<e, \f z .\ < e, 
\R(0\<\C\ 2 + Ce\t\ 2 <(l + C'e)p 2 . 
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Thus, |C| 2 = |C - A 2 < 2|C'| 2 + 2\zf < 4(1 + Ce)p 2 ; by <0), \£\ 2 < (2p + 2p 2 + Cep) 2 . 
Since 2p 2 < 6p then 

ICI 2 + ICT < 4(1 + Ce)p 2 + (2p + 2p 2 + Cep) 2 < (9p) 2 , 

if e is sufficiently small. We get ip x (D p ) C B 9p . 

(ii). It is obvious that the Lipschitz constant of \l/ on the convex domain D po x D po is 
bounded by some C. Let £, x, £, x be in D Po . We need to show that x) — > 
C^l&^-iCx^. Write Z=(t',?),x = (z',x n ). Then 

Set = ipx(0 and = ip x (0- ft suffices to show that 

\t-c\>\t-e\/c 

if- \ (C — C i % ~ x )\ < 4^l£ n — £ n |- Assume that the latter holds. Recall that < p < 3 and 
-D Po C £>2p - We have max{|z'|, |C|} < 2p . Now the second identity in (15.11) implies that 

\C - C\ > \C - CI - \x n - x n \ - 2\C'\\z' - z'\ - 2\z'\\C - C'| - Ce|(£ -£,x- x)\ 

> a - ^)\c - c\ - 8p (ic' - ci + w -A)- c'e\t - n 
Thus, ie - el > a - h - t - c 'e)\t - f I > \i n - ri/4. 

That ip z (M Po ) is a graph follows from the injectivity of □ 

6. r z ■ (C - z),r f - r 2 and ip z (M) via Taylor's theorem 

To transform z) via ?/> 2 , we need expansions of r z ■ (£ — z), ■ (£ — z) and — r 2j 
in new variables £*. We will find these expansions via Taylor's theorem. 

Let us recall Taylor's theorem. Assume that < p < po < 3 and f satisfies (12. 2p . So £> p 
is strictly convex. If / is a complex-valued function on the convex set D p , we define TZkf 
and TZ if on .D p x D p by 

K k f(y,x)=f{y)- Yl ^t\t=of(x + t(y-x)) 

0<j<k-l ^' 

= TT^rry / (1 - tf- l d k t f{x + t(y - x)) dt = ^ Kif(y, z)(y - x) 7 . 

Denote by 7?. fc / the set of remainder coefficients Hif with |/| = k. For any real number 
a > 0, 

(6-1) ||^/||D p x^ )0 <C a+ |/|||/|| ft a + |/|- 

We will also need to express the remainders in = (ReC,I m C)- ^ £ anc ^ 
7r(z) = x G -D Po . By Lemma [5.21 ip z (M Po ) is a graph 

By (' — z' = C and = — 2ir z • (£ — 2), we have 

C = C - * n - «MC" - z n ) - 2ii2^ • C 



Computing the real and imaginary parts, we get 

(6.2) C = C~x n + r x n(R(0 - R{x)) + 21m(R z , ■ Q, 

(6.3) t = ic:r + m - ft?) - Mr - ^ n ) -*m** ■ o- 

In (Q, replace R(g) - R{x) by 

n T R{i, x) (£ -xY=J2 KiR(ti, x) (C C - x n Y 
|/|=i |/|=i 

and then solve for £ n — x n . We get 

(6.4) r-* B =X>foa;)£, 

|/|=i 

where x) are of the form 



pU, x , i , ; -} ~ (c v df(x),'JZ 1 f^, x)) 



+ f z n^ (0 ',i)r(£, x) 

for some polynomials p. With these polynomials p, introduce notation 

(6.5) Kg = J2 pU, x, 1 c>r(x), ft x f (£, x) W(£, x). 

Note that reappearing p, lZ\g may be different. We now express Taylor remainders 
variables Q , £" as follows 

(6.6) ^ fc /(£,x) = n L f(^x)(Z-x) L = Kif(£,x)&, 

\L\=k \L\=k 

\Kr^,x)\<C\\r\\ P0t2 , l<2, £,xeD Po . 
We now apply notation (16. 5p . Using (16.41) in (16. 3p we get 

(6-7) tfHCil 2 

|/|=i 

(6-8) r,: = |C| 2 + K 2 f(£,x) = |C| 2 + £ ^r(£,x)£j. 

|/|=2 

Set r(^) = — y n + |^'| 2 + r(z',x n ). We have defined 

N(C, z) = \C -z'\ 2 + 2z Im(r 2 • (C - z)), = |C| 2 + iff- 

Recall that for (£, z) G M po x M po we have 



(6.9) -2r z -(C-z) = N((, z) + ft 2 r(£, x), 2r c • (C - z) = iV(C, z) + B(C, z), 

(6.10) B(C, z) = 2(f ( - f z ) ■ (C - *) - ^ 2 r(£, x). 
Define 



(6.H) ^:<9f = ^ Kf,. + n * 

1 < j < n l<j'<n 
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We have 



(6.12) 



(r C -r*)-(C-*)= E Kld?(Z,x)g, 



\K\=2 



\L\=2 

For the numerator of the kernel, we have 

(6.13) r c -r z = (£, 0) + E {K\dr, K\dr){t, x)£. 

|/|=i 

In summary, we have proved the following expansions. 

Lemma 6.1. Let M : y n = \z'\ 2 + r(z',x n ) satisfy <\2.M with < p < 3. Suppose that 
(,z E M Po and C* = 4>z(C)- Then ip z (M Po ) is given by 77™ = |(^| 2 + h(£*,x). Moreover, 

h&,x) = E KlHMZl = E k 2 AZ> x )& 



\I\=1 



|/|=2 



-2r z -(C-z) = \Cf ~ iC + E ^(M^ 



|/|=2 



• (c - = icr + c + E ( n2 s & *) + 

|/|=2 

(c:,o) + E(^'---^iM(e,^. 



r ( - r 2 



|/|=i 



We emphasize that 72* g, 72*<9f , defined by (16.51) and (16.111) . might be different when they 
reoccur. 



Remark 6.2. Notice that (I6.2p - (I6.8I) are valid if we fix ( G M po and vary z E M t 
Therefore, the image of M po under the map z — > ip z (() is still given by (16 .7p and (16.81) 



po ■ 



where z varies in M. 



po- 



Here are immediate consequences of the above expansions: 



(6.14) 



2r c -(C-z) 



< 



2r z -(C-z) 



+ 1 



2' \N(C,z)\ 



N((,z) 

for (, z E M po with ( 7^ z and p < 3. 

Lemma 6.3. Let M satisfy (0D| and /e£ < p < p < 3. Set d((, z) = \r z ■ ((- z)\. Then 



C- X |C - z\ 2 < d((, z) < C(d(C, v) + d(v, z)), C,z,vE M t 



po > 



d((, z) > C -1 pV, z E M (1 _ CT)p , C e 9M p , < a < 1. 

Proof. M is defined by r = — y n + |,2'| 2 + r(z', x n ) = and e = ||r||p 0)2 < C^ 1 . Let (, z, v be 
in M po . Set C = C — z'j C* = — 2ir z • (£ — z). Recall that D po is convex, 
(i). By definition, 

N((, z) = \C -z'\ 2 + 2i Im(r 2 ■ (C - z)) = |C| 2 + iff- 
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By Lemma 16. 1[ we have 

1>,M P0 :r£=\&\ 2 + y E t 1%f(t,z)g. 

\I\=2 

On D po x D po , \Klr\ < Ce, and |&| < C. Then |C| 2 = |CT + kT < C' \Q 2 . Therefore, 
IC-^I 2 = IfeC "CI 2 < C|JV(C,2)|. Also, K'-^l 2 < |iV(C^)|- We conclude that 
\N((,z)\ > C- { \(-zf for (,ze M po . By (jOl) we have d(C, 2) > |C - ^| 2 /^- Now 

kc ■ (C - *)l < l( r c - r «) • - v )\ + K ■ - v )\ + \ r c ■ ( v - 01 

< |r c - r v \ 2 + \z - v\ 2 + d(z, v) + d(v, () < C(d((, v) + d(v, z)). 

Thus d((, z) < C'{d(C, v) + d(z, v)). 

(ii). By Lemma EU dist(dD {1 _ a)p , dD p ) > C~ l pa. Then d((,z) > C-\pa) 2 follows 
fromrf(C^) > C-^C-^I 2 . □ 



7. Outline of C a estimates 
Let M satisfy and let < p < p < 3. Recall from CTIjl - flBTTTj) that 

^E F'[4^)f|f* 



|/|=g-l |J|=g l<i<n 



E EE E> / 



|/|=g-l |J|=g ",/3=l «=1 



Here (,2: G M p , and Aj ' , Bj^ J are polynomials in (r^, r^, r^, r— , r-i, r z z). 

We emphasize that norms are defined on D p = tt(M p ) via coordinates x. Let us indicate 
how to obtain C a estimates. We will give estimates on shrinking domains M(i_ cr ) p . For 
C G dM p and z G M(i_ CT )p, we obtain min{|r^ ■ (( — z)\,\r z ■ (( — z)\} > C~ l (pa) 2 by 
Lemma T6.3I and \( n — z n \ > C~ 1 p 2 a by (14. 2p . This will allow us to estimate the C a -norm of 
boundary integral P[ip by passing derivatives over the integral sign and differentiating the 
kernels directly. 

We now deal with the interior integrals P^f- Using a partition of unity, we can find 
a smooth function \ — Xa,p, which is 1 on -D p (i- CT /2) and zero off D p ^ a /^, such that 
\\x\\ P ,a < C a (paY a . On D p , decompose 

V?o = XV, <Pi = <p- <Po, Po<p = Pofo + Pq<Pi- 

Now Pq<Pi can be estimated on M( 1 _ CT ) p by differentiating the kernels directly, since ipi is 
supported in M p \Mr 1i _i a .\ . The only non-trivial integral is Pq<Po, for which (p$ has compact 
support in M/ 1 _i (T j . To estimate the latter, we will apply the transformation ip z for the 
integral and then differentiate the new integral. 

The estimate for -Pq^o is the most technical part. We deal with this estimate first in 
sections [8] and [9j The estimates for boundary and cutoff terms are in section [IOJ 

We now conclude this section with estimates of some integrals. 
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Lemma 7.1. Let n > 2. Let a be a real number, and J = (ji, . . . , J2n.-i) be a multiindex 
of non-negative integers. Let {3 = (j2n-i + 1^1 — 2a) + 2n — 1 and < pi < p < +oo. TTjen 

f Cpi +/3 , -1< /3 < 2n - 3, 

/• K^' z' x n ) J \ 

V|<, 1>M <po H-l + «* I ^ p? „_ 2; ^> 2n _ 3 , 

f^-Pri, fi*-l,P<2n-3, 
[C(po-Pi), /3>2n-3, 



Pi<\z'\<po,\x n \<po 



where C depends only on n, po 

Proof. Set |J| 2 = ji + • ■ ■ + j2n-2 + 2j2n-i- When l^'l 2 < \x n \ and < p 0) we have 
\x n \ < \\z'\ 2 + ix n \ < 2\x n \ and 



b(z',x n ) = \[ Z ':f ,Xn ^} < C\x n \^- a < C\\z'\ 2 + |x n |)^ J l 2 - a . 



\z'\ z + ix 

When \z'\ 2 > \x n \ and \z'\ < po, we have 



b(z', x n ) < \ z '\\ J \*- 2a < C(\z'\ 2 + \ x n \)W J \*- a = 



(\z'\ 2 + \x n \y-^ 



Assume first that n — ^y- > 1, i.e. (3 < 2n — 3. Using polar coordinates, we get 

C rPi rPO r 2n-3 J^n ppi 

/ b{z',x n )dV<C dr ^—^^C' r^dr. 

J\z'\<p 1 ,\x n \< Po Jr=0 Jx n =0 (r 2 + \x n \) n 2 Jo 

Also, f . i n , , biz' x n ) dV < C f p0 r' 3 dr. The estimates in this case follow. 

' J Pi<\z l<PO,F l<PO V ' / — Jpi 

Assume now that f3 > 2n — 3. The inequalities hold trivially if j2n-i > a ; i n which case 
b(z',x n ) < C. When < a ; we se ^ J — {J'ljzn-i) an d \J'\ > 2 (a — j 2 n-i)- Hence 

b(z',x n ) < , , 1 } {Z ' ,Z ' ) ! 1 . < C, 

\\Z + IX U a_ -?2n-l — ' 

from which the estimates follow. □ 

8. New kernels and two formulae for derivatives 

In this section we write down the new kernels by using Proposition 16.11 and derive two 
formulae for the derivatives of Po<p, where <p has compact support in D p . The first formula 
will be used for C a estimates and the second is for C k+ 2 estimates. 

Recall that with (, z G M p the coefficients of PqIp(x) are sums of 

over 1 < j < n and \ J\ = q, where a = n — q and b = q. Set /(£, x) = <Pj(0- 
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We have defined d 2+k r in section H Now, CHANGE NOTATION and let 

d*r = p (£, x, (1 + rxnrp)' 1 , r^ 1 , (1 + r^K^^rfo dr(x),dr(£), Q(£, x)) , 
Qfox) = {d 2 f(x),d 2 m,^df^,x),nlf(^x),n 2 M,x)) , 

where p is a polynomial. Again, nldf,nlf, defined by ([63]) and flBTTTj) . and p might be 
different when they reoccur; for instance, (1Z\r) 2 may be the product of two different TZ^r's. 
Define 

dl +k r fox) = Y, d > ■ dh Qi&x)--- d<i Qj fox), j > 0, 

d 2 M,x) = Y d > ■ Q^ x ) ■ ■ ■ Qj(C,x), j > i, 

where J2i=i \h\ < Qi E Q and both sums have finitely many terms. Hence, we have 
simple relations 

Q2+k r Q2+j r _ Q2+k+j r ^ QjQ2+k r _ Q2+k+\J\ r ^ 

The chain rule takes the form 

(8.1) dl >x {(fd 2+k r) o tf" 1 } = ( dL f ■ <9, 2+fc+|JHi| r) o tf" 1 . 

\L\<\J\ 

New kernels. Set fo,x) = *(f,a:) with (,z e M po . Recall that N*fo) = |£t| 2 + i£*- By 
Lemma 16.11 

N ((,z) = 2r c • (C - z) = N*fo)f x fo,x), 



S ((,z) = -2r, • (C- z) = N*fo)T 2 fo,x), 
5.2) f x (^,x) = Ti o v]/- 1 ^,^) = 1 + d *r ° *" 1 (^^)^T 1 (^)e 

|J|=2 



J 



(8.3) f 2 (^,x) = T 2 o vIT^a;) = 1 + J2 d * f ° z)^*" 1 ^ 

\J\=2 

d 2 r((,z)(r (3 -r zJ ) = ^^ror 1 ^^. 

|/|=i 

Note that \d 2 f\ < Ce and \fjfo,x) - 1| < 1/2 when 7^ 0. Thus, we obtain 



(8.5) = (,',N;°(Z,)K b (Q, a = n -q,b=q. 

First formula of derivatives of X. Recall that *&(£,x) = (ijj x fo,x), = ip x fo and 
(4>*dV)fo) = (Olr) o <&~ 1 fo,x)dVfo). By O and fl£r0> = d 2 r, we obtain 

(8.6) l(x) = Y L {(fd!r)o^.frf 2 - b }fo,^fo)dVfo), 
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where a = n — q,b = q. By Lemma 17.11 k^ b £ Lj oc . For each x £ _D p , the integrand has 
compact support in ip x {D p ) C Bg p . To compute d k I(x), we extend the integrand of Z(x) to 
be zero on B 9p \ ip x (D p ). The integral is over the fixed domain B 9p . So we can interchange 
the integral sign with d x , and derivatives of X have the form 

(8.7) e«zw= e E E E E 

j+fc'+«+m=|ft:| |J|=j \K'\=k' \L\=l \I\=1 

[ Ud L fdl +m r) o iST 1 ■ d J x fr ■ d?T 2 - b \ fa, x ) ■ dV(&. 
Jb 9p 1 J 

By (18. 2D . the first-order x-derivatives on T^ a have the form 

difr^x) = E E {Tr a -X\^ro^)}(^, x )N^)e 

\J'\=l \L'\=2 
|Z/|=2 

Take derivatives consecutively and use the product rule. We can write 



(8.8) d j x t 1 - a (^x) = j2 E {(^ +|Jh ^)°^ 1 -^r a-s }(e*^) 

»<|J| \L'\=2s 

Analogously, d x x 'T 2 b {\K'\ = k') can be written as 



•9) dff 2 -\^,x)= e E {(^ 2+|i "' h v)o^.f 2 -^}(e. 



,r 



t<|-fr'| |L"|=2t 

Let I' = I + L' + L" a' = a + s,b' = b + t. We have 



iV*(£*) 



iV- s (C*)Cf ^*(&)*f & = fcjy, 2a' + 26' - |/'| = 2n - 1. 
By (I8.8p - (l8.9p . derivatives of have the form 

(8.io) e«i(x) = E E E E 

|L|<|-K"| a<a'<a+\K\ b<b'<b+\K\ 2o'+26'-|J'|=2n-l 

Recall that f(£,x) = <pj(£) has compact support in D p . Since |/'| = 2a' + 2a' — 2n + 1, 
Lemma 17.11 implies fc^ 6 , £ L* oc . By the dominated convergence theorem, we see that d k X 
are continuous. Note that this also implies that if f £ C k+2 (D po ) and ip £ C k (D po ), then 
PV£C fc ( J D P0 ). 
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Second formula of derivatives of X. We return to the original coordinates by letting 
= tf(f,a;) and (,ze M p . So dV(&) = dlrdV{£). Also 



IP o*(Z,x) = N a ((,z)N» a ((,z), T 2 - b oM>(Z,x) = N«((,z)S^((,z), 
t P j ,~ (Reg - gQ, Im(C - gQ, |C ~z'\ 2 + il Mr, ■ (C - 

Multiply the same sides of the three identities and expand the last numerator. Then 
{T^ a T 2 ~ b k^, b ,} o \1> is a linear combination of 



(C'- z 'X'-z',lm(r z -(C-z))Y" 



Ng'((,z)S«((,z) 
Since |J'| = 2a! + 2b' + 1 - 2n, then 

(8.11) - 2a' - 2b' + 1 - 2n > 0, < 2(2|iT| + 1). 

(In fact (/"I — \I'\ = i' 2n -\ — i'in-i — 0-) By (18.101) . derivatives of 1{x) have the form 

(8.12) fl*x(*)= E E E E 

|L|<|K| a<a'<a+|if| 6<6'<6+|.ff| l+2a' +26' - 2n< | /" | <4| _ftT| +2 
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Here y?j has compact support in D p . Obviously, the d L ipj in (18.121) do not depend on x. 
This simple observation will be crucial for the ^-estimate. 

The reader might want to acquaint with the counting scheme in section [2] and Holder 
inequalities on domains D p in Appendix A; see Proposition IA.51 

9. C a -ESTIMATES, CASE OF COMPACT SUPPORT 

In this section, we derive the C a -estimate for PoV^o where 
(9.1) <p Q = XV > \\x\\p,a < C a (pa)- a 

and x is supported in D p . We also derive an estimate for P$(p when (p itself has compact 
support in D p . 

Proposition 9.1. Let k > be an integer and < a < 1. Let M : y n = \z'\ 2 + r(z',x n ) 
satisfy (\2.^i and < p < p < 3. Let <p be a tangential form as in (jg.jp . Then 

(9- 2 ) H-Po^ollp.fc+a < CkP 1 ~ k ~ a O-~ k ~ a (\\p\\ p ,k+a + \\<p\\p,o\\r\\p,k+2+a)- 

If if has compact support in D p and is tangential, then 

(9-3) HPg^lLfc+a < C k p l ~ h ~ a {\\tp\\ p , k+a + |M|p,o||^||p,fc+2+a)- 

The same estimate holds for Q' . 

Proof. Recall that by applying (I8.10j) to / = x<Pli ^~th derivatives of a coefficient of Pq^q 
are the sum of finitely many 

t ( \ f uoiif ~ 1 (^ x )ii' tt\A\r(t\ 
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Here a = q, b = n — q, a < a' < a + k,b < b' < b + k and 

= fl'xCO^^O^rfcx), \I\ = i,\J\=j, i+3 + l = k, 
= N~ a '(^)N-»'(^)e\ 2a' + 2b' = \I'\ +2n-l. 

To obtain (19.2j) . we estimate the C a -norm of X k . 
By the definition of d% + r, we have 

R 2+ V|| PiQ < c \\ r h+h+ a - ■ ■ \\rh+if 

h+-+h<i 

Thus 

ll^xllp,ol|5Vrllp,oll^ + V|| Aa < C(pay Yl ' ' ' W r h+h 

h+-+h<l 

< C'{pcr)- i p - l -i- a (y T \\ p , l+j+a + ||r|| 2+i+j+Q ||v? r || P ,o). 
Here the last inequality is obtained by Proposition IA.5I Also 

II^XlU-H^^IUoll^rlUo < C{par- V'^'dl^lU^ + IMk^ll^lU), 

c 

II^Xllp,0||<9Vrllp,a|l^ 2+ ^llp,0 < , y^ +j+a {\M\p,i+j+a + |H| 2 +i+j+a||y>rlUo)- 
Therefore, 

(9-4) IMb> < C k p- k - a a- k - a (\\ v \\ p , k+a + ||r|| p , fc+a +a|^||p,o), 

( 9 - 5 ) ||w|b|,o|kllp,2+a < C k p~ k ~ a a~ k (\\(p\\ P}k +a + IMU*+2+alMLo)- 

By Lemma |5T2| we know that W p = ^(D p x D p ) C £? 9p x D p and 
(9.6) l* -1 ^) -*~V)I < C\v-u\, u,veW p . 

Assume that < a < 1. Fix G -Bg p \ {0} and xi, x 2 G .Dp. Assume first that £j = ^i" 1 ^*) 
are in D> p for j = 1, 2. First, by (19.61) 

16-61 <c\x 2 - Xl \. 

Now by (lOjl -M. we obtain |T,,-(£*, x)| > 1/4 and 

|T;-(6,x 2 )-T;-(6,x 1 )| <C|^r(e 2 ,x 2 )-^r(6,x 1 )| < llrllp.a+alxa-Xil . 

Thus 



A=|A(x 2 )-A(a;i)| 



clef 



<C||«|| Pl a|a;2-a;i| a + C'K6,a;2)((^r)(6,a;2)-(^r)(ei,x 1 ))| 

< C(||w||p,« + ||w||p,o||^||p,2+a)k2 - ^lT- 

By (E2D-d93D we get 

(9.7) A < C k p- k - a a- k - a (y\\ Pik+a + \\r\\ p>k+2+a \\<p\\ p>0 )\x 2 -x x \ a . 

The above holds trivially if £ij 6 are both not in D p , in which case A = 0. If £ 2 G -D p and 
£i ^ -D p , we replace Xi by a point x 3 in the line segment [xi,a; 2 ], for which £ 3 = ip^(C*) £ 
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dD p . Then A = |A(x 2 )| = |A(x 2 ) - A(x 3 )| and fTT]) still holds. By Lemma O (with 
Pi = Po = 9p and (3 > 0), f B {k^^ldV < Cp. Combining the above estimates yields (19.21) . 

The case that ipo = if is simpler, and it does not involve a. So we can remove all powers 
of a in (jnHD-dSSJ), (BTTjl . and ((22}. The latter becomes □ 

We compute the norm of d I xd J ipjp1 +l r for a later use. Here it is crucial to avoid the 
Holder i-norm on d J (p-£. 

Proposition 9.2. Let u(£,x) = d 1 x{i)d J (pi{^)d^ +l r{^, x ) where \ has compact support in 
Dp and satisfies ||x|| p , a < C(pa)~ a . Let \I\ + \ J\ + 1 — k. Then 

(9-8) IK6,-)IU§ <CfcW fc "'(ll^llp,fclkll P ,§ + lbrllp,ol|r|| Pifc+ |). 

Proof. Fix £ G _D P . The <pj; appearing in u(£,x) depends only on £. Therefore, for 
\\u(^, -)\\p,a (ci = 1/2), we only use the sup norm of cPipj;^). Then 

H£, OIL1/2 < c k ((po-)- i -^y T \\ p j\\r\\ p ^ + 2 + {po-y i yL\\ P j\\ r \\p,i+i)- 
< c' k (po-)- 1 -^ p-^- l (y T \\ Ptj+l + y T \\ Pfi \\r\\ P)2+j+l ) 

+ C'kiP^P^'HlMpfiMlpd+i+l + \\<PL\\pj+i\\r\\ p ,*), 

where the last two terms are obtained by Proposition IA.5I in which we take di = and 
d 2 = |. Simplifying yields (I9TB1 . □ 

10. Boundary integrals, end of (^-estimates 

In this section we will estimate the boundary integrals P{ip and cutoff term PqPi, where 
<fi vanishes on -D ( - 1 _i (T ^. Estimates (110.141) and fllU. 15j) below will be used again for the 

estimate. 

Recall (ISlDjl - flSlTl) that for (,z G M p 

= E E E^I^- Cih ^ 

|7|= 3 -1 \J\= q l<j<n Jd p ^ iV ^oA^J 



pvw= v y y v'W ^r^wo^-^y 

irV 7 Z-^i /-^ /„„ /An ,nW)\r' J -9- 1 C9W/- ~\ VSy ' 



|/|=?-1 |J|=9 a,/9=l «=1 



9Dp (^-^(K-^SlXCz) 



Here Ay and Sir are polynomials in (r^,r^r^r—,r-^,r zl ?). And N ((,z) = • (C 
z)> <So(C> 2 ) = r * • (C - «)■ For (,zG M p , set 

x) g fcf (6, x) = Af (C, s) . a + 6 = n, 6 = g, 



Recall that \ — Xv, P is a smooth function, which is 1 on D p (i_ cr / 2 ) and zero off -Dp(i- CT /4), 
and HxlLa < C a {pa)~ a . On D p , set 



= XV 2 , v^i = V 9 - <Po- 
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Assume that M satisfies ( 12. ip - (12. 21) . Thus ||r||p 0)2 < 1/C . Assume that < p < p < 3. 
Set R = \z'\ 2 + r(x). Let tt s be the projection from dD p into the subspace £ s = 0. Since D p 
is bounded and strictly convex, then 7r s is a 2-to-l map from dD p onto 7r s (dD p ) = n(D p ). 
Actually, n s sends n~ 1 (d(ii s (D p ))) one-to-one and onto d(7i s (D p )). Let voI(ti s D p ) be the 
volume of 7r s (D p ) calculated via the volume-form dV s . Recall that D p is contained in B 2p . 
If / is a continuous function on D p , then 



(10.1) 



dD p 



f(OdV s (0 <2vol(n s D f 



p,0 



< 2vol(B 2p C]R 



2n-2 



p,0 



< Cp 



2n-2 



P,0- 



Since the projection of dD p in any coordinate hyperplane is contained in a ball of radius 
2p, by the Fubini theorem one can verify that 



(10.2) 



vol {D p \ D (1 _ La)p ) < (2n - 1) • Cpa ■ p 2n ~ 2 < C'p^a. 



Let k > be an integer and < a < 1. Fix ( G M p \ M( 1 _i (T ) p and vary 2; G M( 1 _ cr ) p . 
By Lemma 16.31 we have 

(10.3) \r r {Q-z)\>C-\pa)\ \r z ■ (C - z)\ > C" 1 (pa) 2 . 
We also have \ry — r zJ \ < C\\C — z\\ < C'\r^ ■ (( — z)\ 1 / 2 . Hence 

(10.4) fa -r z3 \\N \- a \S \- b < C\N \^ a - b < C (pa) 1 - 2a " 2b 

if a + b > 1/2. Using \f(x 2 ) - f( Xl )\ < \\f\\ p>1 \x 2 - x x \ < ||/|Ui(|x 2 | + N) 1 ^ - Xl \ a , 
we get 

ll/IU< II/IIp.o + ^II/IIp.ip 1 -". 

Therefore, for 1 < j < n and < a < 1, 



(10.5) 

Also for Xi,x 2 G D p , 



1 



f(x 2 ) f(xi) 



IU<Cy^\ \r cB \<Cp 



l/G«*)/(si)| 



\f{xi)-f{x 2 )\ a 



<2 i -«iii//n^ii/ii^ 1 |x 2 -x 1 r. 

I 0,-1 I 



Combining it with Holder ratio |1/ f a \ p , a < C a \\ 1/f ||% \l/f\ p , a for a > 1, we get 

(10.6) iivnu < iiv/iu + Caiiv/ii^ii/n^, a > 1. 

Now, by (fT0~3|) 

(10.7) ||jVo(C, rid-^a + ||5 (C, T a h-«) P ,a < C{ P aY 2 ^ +a \ a > 1. 
Note that A\ J has the form d 2 r. By Proposition IA.51 we have 

(10.8) \\d 2 Ai,-)\\ P ,a- R 2 r(£,-)IU ^ Ca, b p- a - b \\r\\ P ,2 +a+b - 
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We have 

a+6 + c+ |L|=|K| |L|=0,1 ^ V °0 AS)*; 

where a + = n - Fi x £ an d vary x. For the summand, we estimate the C a -norms of two 
terms in the numerator by fllO.3p - fllO.5l) . and use (110.71) for the reciprocals of two terms in 
the denominator. Set \K\ = k and \L\ = d. Recall that d = or 1. We get 



^M6 0a£(r f i-M0) 



^ (oa )2( Q f a , + 6 + 6 ) {(^) 1 'V C ' a ||r||p, 2+ c +a 



c_ 

(A^ ao+a So° +6 )(C,-) (l-<r) ft a ~ ( p(T )2(^"o+fe+bo) 

+ p (l-d)(l- a)p - C -d«|| r ||^ 2+c+ ^ + 2(p r)l-rf( p(T )-2« /0 -c|| r ||^ 2+c |_ 

The worst term in terms of powers of p, a occurs when a + b = k, c = d = 0. We see that 

(10.9) ||A;(e,-)||(i-«T)p,*+a < C k (pa)-^\\r\\ p , k+2+a , £ G D p \D {1 _i a)p 

with si = 2n - I + 2k + 2a. 

To estimate the boundary term, by (14.21) we have 



(10.10) \C ~ z n \>C- l p 2 a 
for z G M ( i_ ct)p and ( G dM p . Using (MM . we get for C G <9M P 

(10.11) ||(C n -^(-)) _a |l(i-<x)p, Q <C(pM^" Q , a>l, 0<a<l. 
Note that -B"f J has the form d^r. We have 

qk U c x) = v V V 9 * 2+clr -v^(^-^) 

x ^' ' (fn _ ?n\l+d( Aja-O-l+a qb +b\/f \' 

a+b+d+c= |^| cl+ \L\=c \L\=0,1 ^ Z ^ ^ V °0 AS) 2 ; 

Set = k and |L| = C2. We now estimate the C a -norm in the x variables. Fix ( G dD p . 
Using fflTO -f fTOll . ffloj]) for three terms in the numerator and (JlOTI), (jE^-flEDI) for 
the reciprocals of three terms in the denominator, we obtain 

(10.12) m,-)h-« )P ,k +a <c k E (^r 2(ao+a+6o+6+d v+v 

a+b+d+ci+C2=k C2=0,l 

' (ptr) i-^ p -«=i-« || r || p , 2+Cl+a + p (1 - C2)(1 - a) p- Cl - C2a |k|| P>2+Cl+C2Q 
+ p- Cl (pa) 1 - C2 ((A)- a + 2(p ( T)^)||r|| Pi2+Cl 

The worst term in terms of powers of p, a occurs when c\ = c 2 = d = 0, a + b = k. This 
shows that for each ( G M p \ M^_i a ^ p , we have 

(10.13) \\l(Z,-)ki-a) P ,k+a < C k {pa)- s *\\r\\ P)k+2+a 

with s 2 = 2(n + k — 1 + a). 

By (110. ip and (110.131) . we estimate the boundary term by 

(10.14) HPiVllci-er^fc+a < C fc p 2 ™~ 2 (pO")~ S2 ||f ||p,fc+a+2 || <P || p,0- 

Estimating the cutoff term by f 1 1 . 9 1) and (110. 2p . we obtain 

(10.15) ||-fo¥>l||(l-<T)p,fc+a ^ CaP 2n_1_Sl ff 1_Sl |k||p,fc + 2+ a ||<p||p,0- 
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Define s = max{si — 1, S2, k + a} and s* = max{si — 2n + 1, S2 — 2n + 2, k + a — 1}. 
Thus for a = k + a, we get 

(10.16) s = 2(o + n-l), s* = 2a. 

Combining (JOJ), fHO.14p - fllO.15l) . we get the following. 

Proposition 10.1. Lei n > 4, and let a > be a real number. Let M : y n = \z'\ 2 + f(z', x 11 ) 
satisfy \2.2\ . Let P' be either of P', Q' in the homotopy formula ip = OmP'^ + Q'9mV on 
M p . Assume that < p < p^ < 3. Then for a tangential form ip 

ll P Vl|D (1 - CT ) p ,a < C a p~ S *0-- S (\\(p\\ DpA + |M|D / ,,o||r||D p ,a+2), 

where < a < 1, s, s* are given by <\10.16t\ . 

11. Reduction of C k+ i -estimates to C^-estimate. Summary 

We want to prove the following C k+ z estimates. 

Proposition 11.1. Let k > be an integer. Let M : y n = \z'\ 2 + f(z',x n ) satisfy ( \2.2\j . 
Let P' be one of P',Q' in the homotopy formula ip = 8mP I( P + Q'Qm'P on M p . Then for 
< p < Po < 3, < er < 1, and a tangential form ip 

C 

\\P<p\\ D{1 _„ )p i < Cp-'a^Mn^, q=l. 

Proof. Fix a positive integer k. To estimate the C fc+ ^-norm of P'cp = (Pq + P[)(p, we first 
recall estimates fllO. 14[) and f 1 1 . 1 5 j) for the boundary and cutoff terms 

(H-1) 11(^1,^)11(1-^+1 < G^OMLw-flMUo- 

Here s = 2n + 2k — 1 and = 2k + 1 are computed by (110.161) for a = k + ~. It remains 
to estimate the C fc+ 5-norm of P^ipi, where <pi = x<P an d X has compact support in D p and 
||x||p,a < C a (pa)~ a . The proof will be completed later. For the rest of proof, we reduce it 
to the special case of k = 0. 

The second formula (I8.12p says that the coefficients of <9 fc PQ<po are sums of 
(11.2) Ku(x) = I u(£,x)k{£,x)dV 



with functions u(£,x) and kernels k(£,x) of the form 

(11.3) u(£,x) = d E X {i)d F ip 1 {i)dl +l r{^x) : \E\ + \F\ + I = k, 



n.4) ^^a^ ^rrrv,: , c^m, 



(r C ■ (C - z)) a {r z ■ (C - z)) 
Moreover, by (18. lip , the non-negative integers a,b, I = («!,..., i^n-i) satisfy 
(11.5) \I\ -2a- 2b > 1 -2n, |J|<4A; + 2, a + b < n + k. 
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By ( 19. 8p in Proposition 19. 2\ we have 

(11.6) IK£,-)!Ui <^W-^(lklUfc||r||p,| + ||^|Uo||f|| ftM .|). 

In section [T2l we will prove that if u G L°°(D P x _D p ) then 
( n - 7 ) ||/Cu||d 1/2 < C sup ||u(£, -)l|0p,l/2- 

Combining it with ( 111.11) and ( 111.61) yields the first estimate in the proposition. 

We now consider the case that tp is a tangential (0, l)-form. We return to ( I3.10p -( l3.11l) 
and look at a special property of the kernels of P'ip. Recall that in this case 

Here £, 2; G M p . Also, A- 77 and l?"^ 7 are polynomials in T^,r^,r^. In particular, they are 
independent of z. Moreover, in the kernels there are only the first-order derivatives r zJ in 
the z variable. Then all norms of r in (1 1 . 1 2 [) - (1 1 . 1 4[) . in which k — 0, can be replaced by 
1 1 71 1 |/o,2 < C and the estimate (110.141) for the boundary term becomes 

H^VIId-a)^ < Cp- 2a a 2 - 2n ~ 2a y\\ pfi , < a < 1. 
Absorb AJ 7 (£) into y> 7 (£), With £, 2 G M p the kernels of interior integral P^ip have the form 

(11.8) H£,x) = - 7- .\ . z T- --7-, a + b = n. 

(r c .((-z)nr z -((-z)) b ' 

We will show that (111.71) holds for this new kernel. Applying it to 

M (£,x) = ^ 7 (£V-(0, CeM 

we obtain ||-Po<£o,ilUi/2 < CHvo.i llp,o- This shows the second estimate of the proposition. 

The proof of Proposition 111.11 is thus complete, by assuming (111. 7ft in which Ku, given 
by (HL2), has a kernel of the form (jlTijl - flTB)! or (fTLSl) . □ 

We want to unify the two kernels (111.41) . which satisfies ( 111.51) . and ( 111.81) . For (111.41) . 
we write 

Im(r 2 ■ (C - z)) = —r z ■ {( - z) - — r z ■ (( - z). 
Then kernel ( 111.41) is a linear combination of 

def (C - z,C ~ z,r c - r z y 



(11 9) k(£ x) 

(r f • (C - z)Y{r z ■ (C - z)Ht c ■ (C - z)Y (r z • (C - z)) d ' 

where (, z G M, a, 6, c, d are now possibly negative integers, / is a (3n)-tuple of nonnegative 
integers, and 

(11.10) |/| - 2(a + b + c + d) > 1 - 2n, |/| < 4A; + 2, |a| + |6| + |c| + \d\ < n + 5A; + 2. 
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Indeed, the / = . . . ,i2n-i) in (HI -51) is a multi-index of nonnegative integers. Hence, 
PXgD and i 2n -i > implies (Ill.lUp . Obviously, flTXg]) is of the form (fTOj) . In section 
for the new kernel fill .9D with the condition (111.101) we will prove f l 1 1 . 71) . i.e. 



:n.ir 



/ u(Z,-)k(£,-)dV(0 <Csu V \\u(£, 011^,1/2, 



where u e L°°(D P x D p 



Summary. We would like to summarize our observations on C k+ 2 -estimates to explain 
how the general estimate (111. lip gives us an actual ^-gain in special cases. 

a) k > 1 and q > 1. In our applications of (111.111) to the C k+ 2 -estimates, w(£,x), 
arising from the k-th order derivatives of P^ip after applying the approximate Heisenberg 
transformation, is of the form 9 fc_ -Vj(£)c^ +2 r(£, x) where ip has compact support in D p ; 
see the second formula of the derivatives in section [HI In particular, the Ca-norm of w(£, x) 
in x variables involves only ||y|| Pl A: (and ||r|| pfc+ |). Thus the estimate for ||Poy?|| Pjfc+ i gains 
I in Holder exponent from ||y?||p,fc at the expense of two extra derivatives in |H| P) j.+ 5. 

b) k = and q — 1. Apply (111.111) to (0, 1) forms. In this case, we will not need 
to differentiate the kernels and apply cutoff. Both simplify the estimate considerably. 
However, it is crucial that when (111. lip is applied, w(£,x) has the form A J ' 7 (£)<^ 7 (£); in 
particular, it is independent of x. Therefore, the ^-estimate of u in the ^-variables and 
hence ^-estimate of P^ip only require r e C 2 . 

c) While the ^-estimate of P^ip is on the original domain (Proposition 112. fl below), the 
estimate for the boundary term P[<p, which only requires r G C 2 for the same reason as in 
b), is on shrinking domains. 

12. ^-ESTIMATE 

We will derive the ^-estimate, by modifying a standard argument for Holder estimates. 
This will complete the proof of Proposition lll.ll via (111.61) and (111. lip . We restate the 
latter as the following. 

Proposition 12.1. Let M be a real hypersurface of class C 2 and satisfy ( \2.2§ . Assume 
that < p < p < 3. Let a,b,c,d be (possibly negative) integers and I be a {3n)-tuple of 
nonnegative integers. Suppose that \I\ — 2(a + b + c + d) > 1 — In. Let 

Ut x) = (C-z,Z^, n -r z Y C zeM 

(r<- (C - z)Y(r z ■ (C - z)) b (r c ■ (( - z)Y (r z ■ (( - z)f 

ICu(x) = / w(£, x)k(t;, x) dV. 

Jm p 

Then for ue L°°(D P x D p ), 

\\K.u\\ D 1 < C(p sup ||u(f, -)||n 1 + sup \\u(£, -)||d p ,( 
2 v i&D p 2 i&Dp 
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Proof. Recall that D p is convex. It will be convenient to regard Ku as a function on M. 
The |-H61der ratios on M p and vrM p are equivalence, since \it(z 2 — z-\)\ > \z 2 — Z\\/C for 
Zi,Z2 G M p . By abuse of notation, we write it(£, x) as tt(£, z) with £, 2 G M and apply the 
same change of notation to x), )Cu(x). 
Fix zi, ^2 m M p . We have 



lCu(z 2 ) - fCu(zi) = j u((,z 2 )(k((,z 2 ) - fc(C,2i)) 

+ / (u(C,z 2 )-«(C^i))MC^i)^ = X + X. 

■/AT, 

To estimate X', we need to estimate J" M zi)| dV(£). So we apply the approximating 
Heisenberg transformation = ^i(C)- (However, we want to refrain from use of Taylor 
remainder expansions, such as (I8.4p - (I8.5I) . for the kernel. This avoids the requirement of 
r G C 5//2 .) Let £ G M p . Using the fundamental theorem of calculus, we get rf 1 — y™ = 
A{£,xi) ■ (f - xi) with |A| < C. By (El, we have C - = p(f,zi) • with |p| < C. 
Therefore, 

IC-*il <C7|C|. 







HCi 


2 + iQ\ 


a+b+c+d 



c\it 






2 a+ft+c+d 



By Lemma [6. 1[ we have 
Therefore, for ( G M p 

I ^(C, ^l) I < |>,| 2 T a+ b+c+d - 

IWI T1 ^l [J-]=[X| 

By Lemma |5\2| ir(i/) Zl (M p )) C -B 9p . Applying Lemma [7TT1 with pi = Po = 9p and /3 > 0, we 
get 

(12.1) f \k{C,z x )\dV< I 

JM P \J\ = \I\ 

Since u((,z) is of class C 1 / 2 in the z- variable, one gets 

|X| < C\z 2 - z x \ xl2 p sup \\u(C, OIUl/2- 

To estimate the integral X, it suffices to show that 

\k((, z 2 ) - fc(C, *i) | < C5 1 / 2 , 5 = l^-^il- 

As mentioned in the introduction we decompose M p into a cylinder and its complement. 
Consider the cylinder M p n {|C — z[\ < pi}, where p x = C*\z 2 — Zi\ 1 / 2 with to be 
determined. Notice that the radius of cylinder is about \z 2 — zi] 1 ^ 2 , which is much large 
than \z 2 — zi\, the euclidean distance between £1,22- 
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We have 

\k((,z 2 ) - k(C,zi)\ dV < Ji + J 2 + J 3 , 



1, 



M p n{|C- 



\k(C,z 1 )\dV, 1 2 = [ \k((,z 2 )\dV, 
'-z[\< Pl } JM p n{\C'-z[\< Pl } 



J 3 = / |A;(C,Z2)-A;(C^i)|dV: 
</Af p n{|C-4l>pi} 

By an analogy of (112. ip . we have 

\(!\ 



I: < E C / 

I rl — l rl 



dV. 



\J\=\i\ 



\pn i i\tl \2\a+b+c+d 

By Lemma fTTH with /3 > and p = 9p, we get X\ < Cpi = CC*\z 2 — z^ 1 / 2 . Note that 

m p n {|C - 41 < pi} c M p n {|C - 41 < Pi + - 

Applying the estimate for X 1; we get X 2 < C(pi + 1^2 — £i|) < C'C* |z2 — <2i| 1//2 - 

To estimate X 3 , we ignore any non-isotropic distance and connect (z^x™) and [z' 2 ,x^) 
by a line segment in the convex domain D p . Let z(t) be the graph of the line segment in 
M. Let ( be a point of M p which is not in the cylinder. Then 

\C\ = \C'-A\>pi = cAz 2 -z 1 \ 1 ' 2 . 

We have 

\r z (t) ■ (C - z(*)) - r Zl ■ (C - z\)\ < C \z 2 - 

\r Zl -(C-zi)\> CilC - ^il 2 > CilC - 4I 2 > W 2 h - z x \, 

where the second inequality comes from Lemma [6.31 Hence for C\C 2 > 2Cq, we obtain 

K ■ (C - z 1 )\/2 < \r z{t) • (C - z(t))\ < 2\r Zl ■ (( - Zl )\. 

Recall that C = <MC) and C~ l \\Q 2 + ig\ < K ■ (C - «i)| < C||C| 2 + iffl- Using 
|r 2(t) ■ (C - z(t))|/C < |r c ■ (C - *(t))| < C|r z(t) ■ (C - z(t))\, we get 

(12.2) C- l \\C\ 2 + CI < h ■ (C - z(t))\ < C\\C\ 2 + ^C\, 

(12.3) C^HCI 2 + CI < \r zi t) ■ (C - z{t))\ < C\\C\ 2 + id 
Write fc(C, z) = f|§ with p(C, z) = {(' - z', C 7 ^ 7 , r c - r,) 7 and 



q(C, z) = (r c • (C - z)) a {r z ■ (C - z))\r ( ■ (C - z)) c (r, ■ (C - z))*. 
For £ G M p we have 

IC - z{t)\ < |C - z x | + |*(t) - zi| < |C - 21 1 + C\z 2 - z x \ 

< | C _^| + CC -2| C '_^|2< C /| C _^|. 

By (E3D, ir - xJl < C|£*|. Thus |C - z x \ < C\^\. Therefore, |C - z(t)\ < C\&\ and 

b(C,^))l<C|C-^)l |/| <C"|ei |/| . 
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By f TT2^D - flT23j) . we have 

C 

luc^t))}- 1 ] < ||c:|2+ .^ ra|a+6+c+d - 

It is easy to see that \z'{t)\ <C\x 2 — Xi\ < C\z 2 — zi\. Then \d t q(Ci z (t))~ 1 \ does not exceed 
the sum of 

C\z 2 - z-A 



|(r c ■ (C - z{t))) a '{r z ■ (C - z(t))) b \r X ■ (C - z(t))) d (r z{t) • (C - z(t))) d '\ 
where a' + b' + c' + d' = a + b + c + d + 1. Applying the product rule, we get 

\d t p(C, z(t))\ < C\z 2 - Zl \ \(C-z(t),C^W),r ( -r m ) r \. 



\r\=\i\-i 

Therefore, 



\d t p(CXt))\<c\z a -z 1 \\(CQ)\ w -\ |ft-7Ai^| < 

By the mean- value-theorem, we get for ( e M p n{\C' — z'\ > Pi} 
\k((,z 2 )-k((,z 1 )\<C\z 2 -z 1 



c\ 


^2 " 


- ^i 




IICI 


2 + 




a+6+e+d+l 



ie*i 




IICI 


2 + «e 







-i 


nci 2 +*e 


|a+6+c+(i 


C"|Z2-^1 


IIC J I 


nai 2 +*ei a+ 


b+c+d+1 ' 



< C'\y —7 I — < \^ 

_ ^ MA/12 , „-tn|a+6+c+d+l - 

IIS*I -r "»* I | J"|=|X| 

Applying Lemma ED with pi = |^2 — z i\ 1 ^ 2 -, Po = 9p and (3 > —2, we get 

l 3 <C\z 2 -z 1 \p^ 1 <C'\z 2 - Zl \ 1/2 . □ 

13. Proof of Theorem 11.11 

We now prove Theorem ll.il following a KAM argument in [5]. We restate the theorem. 

Theorem. Let M : r = be a strongly pseudoconvex real hyper surf ace of class C 2 in 
C n with n > 4. Let u be a continuous r x r matrix of (0, 1) -forms on M satisfying the 
integrability condition d^u = wAw mod dr. Near each point of M there exists a non- 
singular matrix A E C X ' 2 {M) such that d^A = —Auj mod dr. Moreover, if a is a positive 
real number, M is of class C a+2 and u G C a (M) there is a solution A e C a (M); if k is a 
positive integer, uj e C k and M e C k+ % , there is a solution A 6 C fc+ 2(M). 

Note that not all solutions have the same regularity. If u is a continuous CR function 
vanishing nowhere on M, then uA is still a solution. 

Non-isotropic dilations. The non-isotropic dilation T$: z — ► {yfdz' , 5z n ) with 5 > does 
not preserve the real hypersurface M. However, it is obvious that it sends M 5 = T 5 ~ M 
onto M. By abuse of notation, we will denote T$ its restriction to C n_1 x R. 

We want to show that M can be put in the form (I2.ip - (I2.2I) after a second order normal- 
ization and a non-isotropic dilation. 
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Let M be a graph y n = \z' | 2 + f(z', x n ) over D. Recall that M p = M f] {(x n ) 2 + y n < p 2 } 
and 

Dp — 7r(M p ) = {(^,x n ) 6D: |zf + |x n | 2 + f(z', x n ) < p 2 } . 
Set r(z) = —y n + f(z',x n ). Define 

f s (z) = 5- 2 r(5z', 8 2 x n ), r s {z) = <T 2 r(5z', 5 2 x n ). 
Then M s = T^M is the graph over D s = Tf x D, given by 

y n = \ Z '\ 2 +f\z',X n ). 

For < 5 < 1, we have 

M s p = M 5 fl {|x n | 2 + y n < p 2 } C M 5 n {<5 2 |x n | 2 + y n < p 2 }. 

So L>J = vr(M p 5 ) C Tg X D p for < 5 < 1. 

In Theorem ll.il we need a local solution A. By a change of local holomorphic coordinates, 
we may assume that f (0) = <9f (0) = <9 2 f (0) = 0. Therefore 

\\r S \\ D f, 2 <e, DfcD 6 , 

if 5 is sufficiently small. 

Integrability conditions. We will find our solution through a sequence of frame changes. 
We also need a small norm of initial uo via dilation. Therefore, we need to verify that the 
integrability condition is preserved under dilation and frame changes. 

Recall that for ip = Y^\n= q fidz' 1 , we define 8m^P = ^2\n= q i< a<n Xatpjdz"' A dz' 1 for 
Xa = d^a—rja/r^nd^n. A direct computation shows that 5dTf 1 Xa = X^ = d^a—r^jr^d^:. 
Thus, T^Om = d M sTg. This shows that the formal integrability condition is invariant under 
dilation, i.e. 8 M suo s = uo 5 A uo 5 . If uo = ^ <^7^ J is a tangential (0, l)-form on M, then T$uo 
is a tangential (0, l)-form on M s . Moreover, if to G C a (M), then 

(13.1) T$ uj = 5 (fa o Ts d~z®, lim ||c<j' 5 || C a( D i) = 0. 

In other words, we have achieved the smallness of to via dilation alone. 

We now consider the integrability condition under a frame change. We are given an r x r 
matrix of continuous (0, l)-forms u on M. We assume that d^uo = uo Auo mod dr. Without 
loss of generality, we may assume that uo are tangential. The formal integrability condition 
is that as currents 

(13.2) d M ^ = uo A uo. 

Recall that our goal is to find a non-singular matrix A which solves 

(13.3) d M A + Auj = 0. 

We will consider only the solution A such that both A and 8m A are continuous. For any 
such A, the transformation uo — > uo = (8m A + Auo)A~ 1 preserves the integrability condition 
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(113. 2p . Indeed, differentiating CjA = 8m A + Auj and then using to = A~ 1 £uA — A~ 1 8mA, 
8m^> = u Aw, we verify — & A cu by 

(9m&)A - wA dji/A = d M A A uj + Ad M oo = d M A A (A^CuA - A -1 0jif A) 
+ (ujA - d M A) A (A -1 u;A - A~ l ~5 M A) = uj A CjA — uj A d M A. 

Assume that the matrix uj is of class C a . In what follows, all constants, including S, will 
depend on a. For simplicity this dependence will not be indicated sometimes. However, 
constants C , 5* and e do not depend on a. 

Proof of Theorem 11.11 We need to find a non-singular matrix A = I + B, defined near 
the origin of M, such that 

d M B + uj + Buj = 0. 

It suffices to find a 5 > and a non-singular matrix A s defined near G M s such that 
d M soj 5 + A s uj s = 0. Then A s o Tf is a solution to the original equation. 

Take po = 1, °j = 2~ J_1 and p., + i = (1 — <Jj)Pj- Then p^ = lim^ooPj > 0. We will 
assume that < 5 < 5*. We want to apply our estimates for P' and Q'. So we choose 
5* G (0, 1] such that the homotopy formula holds on M 5 p for p G (0, 1] and 5 G (0, 5 J. For 
Poo < P < 1 we have 

( 13 -4) II-pVIIc"^^) < c^lMIc^ 2 ^), 

where P' is either of operators P', Q' in the homotopy formula on M s p . We emphasize that 
the constant C a is independent of 5 G (0,p*) and p G (poo,l]. We have also absorbed 
ll r<5 ||c a + 2 (D<> .) into C a , since r 6 (z',x n ) = 6~ 2 r(5z' ,5 2 x n ) and f(0) = <9f(0) = imply that 

II^ 5 ||c-+ 2 (d^.) < C||^llc 2 (D, P0 ) + $ a \\r\\c-+HD Spo ) <C a , < 5 < 5*. 

Set Mj = M s p , and || • || Pj+1 , a = || ■ ||c«(M i+1 )- We have M j+1 C M . Let uj = T£uj, 
restricted on M . On Mj we have the homotopy formula tp = d M sP'jP + Q'jd M sip, where 
Pj = P^andQ;. = Q' Mj . 

Using d M suj = uj Aujo, we arrive at the equation 

d M s(B + PqU ) + <2o(w A w o) + B uj = 
where Pq, Q' q are applied entrywise to the matrices. We use the approximate solution 

Po = -PoW 

Assume that A Q = I + P is invertible. We repeat this procedure and get Bj = —P'AOj and 

(13.5) uj j+1 = (BmA, + A j uj j )Aj 1 = {Qj.fo A Wi ) - (P^KXl - Pj^)" 1 . 

Here, we need all Aj = I + Pj to be non-singular on Mj. We want to show that 
linij^oo AjAj_i ■ ■ ■ A Q is a solution. 

We now estimate H-B^ ||^ +1)0 and ||^ + i||^ +lj0 . 
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For an r x r matrix B — ($) of functions on M p we define ||-B|| p ,a = max {||^ IUa}- If 
B, D are two such matrices, we have 

\\DB\\ pfi <r 2 \\D\\ p , \\B\U ||S J |Uo < r'HSlI^. 

Assume that Poo < P < Po- We want to show that if ||-B|| P) o < <r> then 

(13.6) \\D\\ p>a < c a \\B\\ p>a , 0<a<oo, 

where c a > 1 depends on a,r,n. Let A -1 = I + D. We know that D = ^^ z>1 ( — and 



which is (113.61) with a = 0. Since / is constant, then 

D{z 2 ) - D{zi) = A(z 2 y l - A{z 1 )~ 1 = A( Zl )- l (A( Zl ) - A(z 2 )) A(z 2 )~ 1 
= A(z 1 )-\B(z 1 ) - B{z 2 ))A{z 2 y l . 

Using (11X61) with a = 0, we get \\D\\ p>a < C\\B\\ p>a if < a < 1. Assume that ffT33|) 
holds when [a] < k. Let [a] — k > 1. Applying the product rule to (/ + i?)D = —5 and 
multiplying from left by (/ + B)~ l = I + D, we get 

dD = (I + D)(dB)D - (I + Z^&B. 

By Proposition IA.4I and the induction assumption, we obtain 

\\D\\ p , a < C a {{\ + IIBIIp^-OHSIUi + \\B\\ p , a ) < C' a \\B\\ pA , 

which proves (113.60 . 

Since Bj = —PjUj, by (113.41) we have 

(13.7) ||^|| Pj+1 ,a<c>7 s ii^|| ft , a , c ;>i. 

We want to achieve \\Bj || p +1) o < So it suffices to obtain 

(13.8) Wi w , a < = b„ j — 0,1,2, 

3 2rc* a c a 

By ( TT331) - fTTX8l) . we have + B)- l \\ PjA < 1 + \\D\\ PjA < 2. Using (TT3T4|) - fTT3T5|) and the 
estimates on matrix products, we get 

(13.9) ||^- +1 || Pj+1 , a <2-r 2 {||g;.(^A^ 



Assume that Hwollpo.a 7^ 0. Otherwise the theorem holds trivially. Define 

h+i = C >j~ Sa bp k = \\uj \\ P0ia . 
By (113.11) . we choose a dilation T$ with 5 G (0, 5*] such that u Q = T$u satisfies 

b o = lkollpo.0 < bo. 
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Then rj = bj + \/bj satisfies 

r = C> ^4o, r j = 2"(r j - 1 ) 2 , 
tx/tq = 2 Sa r , rj+x/rj = (rj/r^x) 2 - 

This shows that rj + x/rj, and hence rj, bj, converge rapidly, if 60 is sufficiently small. Specif- 
ically 

r j+ x/rj = (ri/r ) 2J , r s = r (ri/r ) 2J_1 , bj = boro(ri/r ) v ~ 3 ~ 1 . 
Recall that a, = 2~ J ' -1 . Clearly, ||^|| Pjia < bj < b ri < 2 2 re '° a (2~ Sa ) j = bj, provided 

k < 7T-T- ' r o < 2 ~ Sa ' r i/ r o = 2 Sa r < 1. 
2rc* a c a 

Therefore, we have shown that if u G C a and M G C 2+a then (I + Bj) ■ ■ ■ (I + B ) converges 
in C a -norm on P\D s p . to an invertible matrix A^. When a = k is an integer and M G C k+5 ^ 2 , 
or when M G C 2 for /c = 0, we have 

Since tends to zero rapidly, it is obvious that Bj converges to rapidly in C fc+1 / 2 

on HDl . This shows that A°° is of class C k+1/2 . 
Pj 

To complete the proof, we check that d^s A°° + A°°uoo = 0. Recall that for A 3 ■ = I + Bj, 
we have d M sAj + AjUj = Wj + xAj. Thus 

u)j +1 AjAj_x = (d M sAj)Aj-x + AjUjAj^x 

= {d M sAj)Aj-x + Aj(B M tAj-\ + Aj-xUj-i) 

= d M s(AjAj_x) + AjAj^ujj^. 

Inductively, we get d M s (Aj ■ ■ ■ A ) + Aj ■ ■ • Aqojq = uij + xAj • • ■ A - Taking the limits, we get 
Om^A 00 + A°°ujq = on . When k = 0, the derivatives in the sense of currents are 
continuous and the above computation is valid as currents. □ 

In the above argument, we obtain the rapid convergence of Bj,Uj in C a norm in one step 
when a is finite. One can also establish a rapid convergence of Uj, Bj first in C°-norm and 
then in higher order derivatives. See [23], [5] for details. 

Appendix A. Holder inequalities 

The main purpose of this appendix is to present some Holder inequalities on domains in 
R m . We do not claim any originality in deriving these inequalities. In fact, we will just 
modify formulation and proofs of Hormander [9]. The inequalities in [pj are for a fixed 
convex domain. In our applications, we need to allow the domain D p to vary. Therefore, 
we will derive them in full details and omit simple repetitions only. 

We say that a domain D in R m has the cone property if the following hold: (i) Given 
two points po,Px in D there exists a piecewise C 1 curve j(t) in D such that 7(0) = po and 
7(1) = px, |7'(^)l ^ C*|[pi — Poll f° r ai l t except finitely many values. The diameter of D 
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is less than C*. (ii) For each point x G D, D contains a cone V with vertex x, opening 
9 > C' 1 and height h> C~ l . 

We will denote C*(-D) a constant > 1 satisfying (i) and (ii). 

In this appendix, by a cone V = V(6, h, v) with vertex at the origin, opening 9 > and 
height h > 0, and centered at positive v axis where v is a unit vector, we mean 

(A.l) V = {te R m : vt> (v-t)v\\,v -t < h}, 

where ||£|| = (It 1 ) 2 H h |t m | 2 )5. Note that x + V is a cone with vertex at x. If V m C R m 

is the cone 1 > x m > \\x'\\, a simple computation shows that V m xV n G R m+n contains the 
cone 

1 > x m + y 11 > {\x m - y n \ 2 + 4||a; , || 2 + 4||y'|| 2 ) 1/2 . 
Thus if Di, D2 are domains of the cone property, then D\ x _D 2 has the cone property with 
a constant C*{D\ x D 2 ) depending only on C*(Z?j). 

For the rest of the appendix, until Proposition IA.5[ we assume that the domain D has 
the cone property unless stated otherwise. The constants in all Holder inequalities will 
depend on m and C*(D). For simplicity this dependence will not be expressed sometimes. 

Let k > be an integer. For a complex- valued function uonflc R m , define 

H^^Hao = sup |<9 7 w(a;)|, ||m||da:= max ||cF , u||.d,o> 
xeD,\i\=k o<j<fe 

\u(x) — u(y)\ 
\u\D,a = sup : — — , < a < 1, 

x,yeD p — y\ a 

\\u\\D,k+ a = max{\\u\\D,k, |<9 7 m|d, q : |/| = k}, < a < 1. 

If A = (a{) is a matrix of functions on D, we define HAHd^+q, = max{||a^ Hz^+a}. 
We also define 

\u\d k+a = m ax I^mId „, < a < 1. 
\i\=k 

By (i) of the cone property and the fundamental theorem of calculus 

(A.2) C ~Vkfc < \\d ku \\D,o < \u\ D ,k, k=l,2, 

provided that u G C k (D). It will be convenient to use both \u\o,k an d Hc^iiH^o- 

Lemma A.l. Let D C R m satisfy (i) of the cone property. Let f be a C 1 map from D 
into R m . There exists a constant Cq > 1 such that if \ f — 1\ < Cq 1 on D, then f is a C 1 
diffeomorphism from D onto D' . Moreover, — ^||z?',i < C\\f — 

Proof. Take two points po,Pi in D. By assumption there exists a piecewise C 1 curve 7 in 
D such that 7(0) = p , 7(1) = pi, and \ < C*||pi — Poll- Write f = I + f. We have 

/(P0 - /(Po) =Pi-Po- [ V/( 7 (t)) ■ dt. 







Since 1 1 jf' 1 1 x?,o < Cq > t nen for Co sufficiently large we get 

(A.3) ^lbi-Po|| < ||/(Pi)-/(Po)|| <2|bi-po| 
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Now it is obvious that / is a C 1 diffeomorphism from D onto D' and that D' satisfies (i) 
of the cone property. Let g = f~ x — I. Then g o f — —f. In particular, ||^||d',o < ||/||d,o, 
and by j53), \~g\ D , A < C\f\ D)1 . □ 

We are ready to derive Holder inequalities. We start with two lemmas in [9] for our 
domains. 

Lemma A. 2. Let < a < b. Let D satisfy the cone property. If \u\n^ a < 1 and \u\o,b — 1 
then \u\d, c — C for a < c < b, where C depends only on a, b and C*(D). 

Proof. For simplicity, denote \u\o,a by \u\ a . Since the diameter of D is bounded by some 
constant C, it is obvious that \u\ c < C'\u\ c > if k < c < d < k + 1. Therefore, it suffices to 
prove the inequality when c is an integer. 

Let V C D be a cone as stated in the cone property. We may assume that G V. 

If a is an integer, we get \d a u\ < 1 on V. If a is not an integer, let P be its Taylor 
polynomial of degree [a] at 0. Set v = w — P. Since d 1 P are constants for all |/| > [a], then 
Mc' — \u\d for all d > [a]. Therefore, we may assume that 9 7 m(0) = for all |/| = [a]. 
Now |w| a < 1 implies that |9 7 u| < C for all \I\ = [a]. 

We want to use the mean- value-theorem repeatedly. Let us first look at the one- variable 
case. When / is C k on [0, 1] and ||/||o = ||/||[o,i],o < Co, there is a point t in [0, 1] such that 
\f'{t)\ < 2Co- One can divide [0, 1] into a sufficient number of equal parts and find a point 
tj E [0, 1] such that < C for j = 1, . . . , k. If \ f\ a < 1 for some a e (k, k + 1], we 

obtain further that ||/^^||o < C k . Consequently, ||/^^||o < Cj hold for j = k, k — 1, . . . , 0. 

Return to our case. Fix a polydisc A m in V with side larger than C _1 . Fix / with 
|/| = [a]. Using |9 7 m| < Cq for |/| = [a] and \u\b < 1, by the one- variable argument we 
obtain |#?d J u| < C on A m for j = [b] - [a], . . . , c- [a]. So \d j u\ < C on A m for j = c, . . . , [6]. 
If [b] < b, \u\b < 1 implies that \d^u\ < C on D. If b = [b] the assumption and (1A.2|) 
implies |(9 fe u| < 1. Using a path connecting a point in D to A m and |<9%| < C on A m for 
j = [b], . . . , c, we get < C" on D for j = [b] — 1, . . . , c. Using flA.2j) again, we get 



\u\c<C. □ 
Example. Let /(x) = x + x 3 and D = [0, e]. Then /'(0) = /'(ar) - /* /"(*) dt and 

e/'(0)=/ f'(x)dx- / f»(t)dtdx = f(e)-f(0)- / f"(t)dtdx. 



JO Jo 

This shows that 1 = |/'(0)| < Ci||/||o + C 2 ||/"||o < 2eCi + 6eC 2 . However, [d| + |C 2 | 
tends to oo as e — > 0. This example demonstrates that in some inequalities derived in this 
appendix, the constants indeed depend on C*(D). For special domains used in this paper, 
we will find these constants by dilation; see Proposition IA. 51 

Lemma A. 3. Let D C R m satisfy the cone property. Set || • \\o,a = \\ ■ \\a- If < a < b, 

c = Xa + (1 — A)6 and < A < 1, i/ien |u| c < C|u|^(|w| a + |M|b) 1_A , where C depends only 
on a, b. 

Proof. The case \u\ a > |u| c is obvious and we may assume that \u\ a < \u\ c . If \u\ a = 0, then 
it is a polynomial of degree < a. Then |w| c = too for c > a, and the inequality holds. We 
may assume that |tt| a ^ 0. Without loss of generality, we may assume that \u\ a = 1 < \u\ c . 
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If \u\b < 1, Lemma [A . 2 1 implies that \u\ c < C and the inequality holds. Therefore, it suffices 
to verify 

(A.4) \u\ c <C\u\l-\ if |u| a = l< |u| 6 . 

We first assume the inequality for integer c and verify it for non-integer c. Set [c] = k. We 
have A = rE§ an( f 1 — A = |Ef • Depending on whether a, 6 are in [k, k + 1], we have the 
following cases. 

Case i)A;<a<c<6< fc+1. Since c = Aa+(1— A)6 then c— = A(a— A)(6— fe). 
Consider first the case a = k. Then c — k = (1 — A) (b — k). Let t> = <9 7, u with |/| = k. 
Hence 



If (y) — u (x)\ , . , s ,1 



v(y) - u(a;) 



|y - x 



1-A 



6-fc 



< 2 A II?;II A I?;I 1 - A 



where the second last inequality is obtained by ( 1A.2I) using k = a > 0. Therefore, |u| c < 
C|w| A |u|^ A . Assume now that a — k > 0. Then a — k,b — k, c — k are in (0, 1]. Computing 
the Holder ratio gives us |t>| c -fc < Ma-fcHb-fc) i- e - H c — \ u \a\ u \l~ X - We emphasize that we 
have proved \u\ c < C\u\^\u\l (and hence ()A.4j) for case i)) without using any condition 
on \u\ a , \u\b, \u\ c other than that on a, b, c, k. 

Case ii) a < k < c < b < k + 1. We get |u| c < CI^^^Vl? - * ^ - * , by case i). 
By the assumption for the integer case (applied to triple a < k < b) we obtain 

(A.5) \u\ k < C\u\ ( b k - a)/(b ~ a) . 

Eliminating \u\ k from two inequalities gives us flA.41) ; indeed 

k — a b — c c — k c — a 

b — a b — k b — k b — a 

Case iii) k<a<c<k+l<b. We have \u\ c < C\u\ { ^ )/{k+1 ~ a) , by case i). The 
assumption on the integer case (applied to triple a < k + 1 < b) gives us 

(A.6) \u\ k+1 < C\u\i k+1 - a)/(b - a) . 

Eliminating \u\k+i gives us flA.4j) . 

Case iv) a<k<c<k + l<b. Then ( 1A.5I) and ( 1A.6I) are still valid. By i), we have 



\u\ 



< C\u\l +1 c \u\ c k + v Using flA.5h - flA.6h and eliminating \u\ k , \u\ k+1 gives us flA.4h . 



Finally, we prove f)A.4j) when c is a positive integer by repeating an argument in [9]. 
Fix xq G D and let V be a cone in D with vertex xq, height and opening 1/C*. Since V 
is convex, for x G V and < e < 1 we can define 

u l(v) = u((l-e)x + ey), y G V. 

Then |t4|v,6 < e 6 |m | & and |t4|v,a < e a - Since |it|b > 1, there is an e G (0,1) so that 
e a = n = e b \u\b- Now, apply Lemma [A.2I to the domain V and the function yr l u e x . For any 
multiindex / with |/| = c, we have 

e c |^(x)| = |^<(x)| < C of i = C^e") VM*) 1 "* 
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Canceling e's shows |9 7 m(x)| < Co|u|£~ A for x G V. Since C does not depend on x E V, 
we get ||d c u|| < C \u\l~ x on D; by fell . \u\ c < C\\d c u\\ and ([Ql follows. □ 

Proposition A. 4. Le£ .D C R m have the cone property and denote || • \\o,a by \\ ■ \\ a . Let 
a,b,aj,bj be nonnegative real numbers. 

(*) ||it|U a+( i_A)6 < Ca,6||M|| A ||?i||^ A forO < A < 1. 
(ii) \\uv\\ a <C a (\\u\\o\\v\\ a +\\u\\ a \\v\\ ) . 

(Hi) Suppose that Dj C R nj has the cone property for j = 1, . . . , k. Let aj, Cj be non- 
negative real numbers, and let (b\, . . . , bk) be in the convex hull of (aj, ... , a^) and 
(ci,...,c fc ). Then 

k k k 

n wujWo^bj < ^fc+M+i&i+i C i(n iMir> j)<y + n imi^) ■ 

j=l j=l j=l 

(iv) Let f be a map from D into D' C R n . Assume that D' has the cone property. 
Then 

\\u o /|| a < CaflKlk-ill/'HS + Hw'll^oll/'lU-i) + ||«||jy,o, a > 1, 
\\u o /|| a < Cmindlu'H^ol/la, ||til|z7',ol|/'|lo) + IMI-D',o> < a < 1. 

(v) Let f = I + / be a C a map from D into R m . There exists Cq > 1 such that if 
|f | < Cq 1 then 

II/ -1 - < CUI/L, a>0. 

(uz) Lei f = I + f be a C 1 map from D into D' C R m with \ f'\ < Cq. Assume that 
D U D' is contained in a convex domain D" of the cone property. Then 

\\uo f - u\\ a < Ca(|K||r>",a||/Ho + ||w'||d",o||/||o), O > 0. 

Proof, (i)-(ii) are proved in [9]. The proof for (hi) is for Dj being the same domain. In fact, 
by (i), one has log ||mJd^ < A log H^Hd,,^ + (1 - A) log H^Hd^ + logC for all j. Sum 
over j — 1, . . . , k and take exponential on both sides. The convexity of e x yields (iii). For 
< a < 1, two inequalities in (iv) are verified directly. Assume that (iv) holds when a is 
replaced by a— 1. Assume that a > 1. Then (mo/)' = u'(f)f '. For both cases < a — 1 < 1 
and a — 1 > 1 we obtain 

||(« o /)'|U-1 < CdKaOlla-lll/'llo + \\u'(f)\\ \\f'\\ a -l) 

^c'dKib^ii/'us + IKIIoll/'lU-r), 

where |K|| a -i = IKI|.D',a-i- This gives us (iv) as \\u o /|| < ||w|| + \\(uo /)'|| a -i. 

(v) . It follows immediately from Lemma IA.1I when < a < 1 . We now prove it for a > 1 
by using a variant of counting scheme in section [2j Define 

(A.7) d 1+k v= Yl P(f')d Jl v---d J 'v, j l = \J l \-l>0, 

ji+-+ji<k 



1+31 
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where p(f') is a polynomial in (J + and /' and it might be different when it reoccurs. 
Let g = f" 1 and g = f' 1 - I. We have g' = -((1 + o g, i.e. d J g = (d 1 /) o # for 

|/| = 1. Inductively, 

(A.8) d J g=(® J \f)og, \J\>1. 

By Lemma [ATT], we have ||?/i - y \ < \g(y$ - g(y )\ < 2\yi - y |- Let fc = [a] — 1 and 
a = a-*-l. Thus ||#||iy,i +fe+a < C||/|| + CJ2 3 < k \\9 1+j f\\a- Now 

ll^ + */ll«< E ^{ll/lll+all/lll-M!-- 

+ E ll/lll+J'i ' ' ' ll/lll+Ji+a - - ' II./ II I-./, 
l<i<Z 

By (iii) we obtain Hsb'.m+a < E^dl/lli + ll/llrtll/lli+fc+a < C"|,, „.. 

(vi). By convexity of D", we have u(x+f(x)) — u(x) = f(x) ■ J" 1 u'(x + tf(x))dt. Consider 
case < a < 1. We have 
i 

K(y + £/(y)) - u\x + < max \\u'\\ D » ta \y -x + t(f(y) - f(x))\ a 

<C\\u'\\ D ,,, a (l + \\f\\ DA )\y-x\ a . 

By || /||i < C, one sees easily that 

|K/ + /) - U || a < C(\\ U '\\ D// , a \\f\\ + llu'll^oll/Ha), 

which is (vi) for < a < 1. Assume that the above inequality holds when a is replaced by 
a — 1. Assume that a > 1. We need to estimate the || • || a _j norm of 

(A.9) d x i (u o (/ + /) it) = {d y iu) o (/ + /) - d x iu + J2 ( d v jU ) ° ( J + /) • d ^f j - 

l<j<m 

By the induction assumption, we have 

\\(d y iU) O (/ + /) - d x , U \\a-l < C(\\d 2 u\\D»,a-l\\f\\0 + || ^H^.O II f\\a-l) ■ 

We need to put ||9 2 M||£ ) // ) i||/|| a _i_; < ||w / || j d"^+i II /lla— i— z into the desired form. By (iii), we 
get 

(A.10) |K||D W ||/||a-l-J < C(||/||o|K||D»,a + ||«'||i3«,0||/||«). 

We now treat the term in the sum of (1A.9I) . Set \\u'\\b = ||w'||d",&- By (iv) we have 
\\(d y3 u)(I + f)\\ a ^ < C(\\u'\\ a ^ + IKHiH/lL-i) + ||n'|| . Thus 

\\(d yjU )(i + f) ■ d x J%^ < c((\\u'\\ a -x + + Ik'lloll/lla) 

<C7'(||ttVill/lli + ll« / llill/IUi + ll« / lloll/ll.)- 
We can put the first two terms in the desired form by flA.101) . □ 

Two inequalities in the next proposition are used in estimating P and Q. 
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Proposition A. 5. Let D be a convex domain in R m satisfying 

B p/co C D C B CoP , < p < 3. 
Let a* = /or < a < 1 an<i a* = a /or a > 1. Le£ || • || a = || ■ ||c a (D)- Then 

m m 

P a *\\\\ u i\ - C ^ o y^\\Uj\\ a \\\\u l \\o, 
II -*- "*- II a 

3=1 3=1 

m mm 

p e n inu^ ^ ^acco (n + n Kik+ CJ ), 
j=i j=i j=i 

where e = (&i + di — [cZ a ]) H — ■ + {b m + d m — [d m ]), aj, Cj, dj are non-negative real numbers, 
and (&i, . . . , 6 m ) is in the convex hull of (a%, . . . , a m ) and (ci, . . . , c m ). 

Proof. The first estimate is trivial if o < 1. So assume that a > 1. We know that D is 
convex and B p / CQ C D C B CoP . Thus D has the cone property if 1 < p < po, where the cone 
of fixed size with vertex at x G D can be found from the convex hull of x and B p m . Assume 
now that < p < 1. Consider the isotropic dilation S p (x) = px. Then, = S p x D has 
the cone property. Since < p < 1, we have 

(A. 11) P a \\u\\a < \\U O SpWo^a < \\u\\ a . 



By Proposition IA.4I (i) we obtain 

m m m 

H M 4 - n^ ^ < C^2\\Uj O S p \\ Dt! aY\\\UiO S p \\ Dtfi - 

II . Ha II . D*,a 

3=1 3 =1 3 = 1 *7^3 

Using (lA.lip . we get the first inequality easily. Let lj < [dj] be any non- negative integers. 
By ( 1A. Ill) and Proposition IA.4I (iii), we get 



3=1 3=1 

m m 
Dt,a.j+dj — [dj] 

3=1 3=1 

m m 
< C^JJ IMI/.+a.+d,-^] + JJ l|Mj||i J+Cj +d J -[d J ]) 



3=1 3=1 
m m 

3=1 3=1 

Summing over all non-negative integers lj < [dj] gives us the second inequality. □ 

One can also obtain other inequalities via dilation. The inequalities below are not directly 
used in this paper. 

Proposition A. 6. Let a* be as in Proposition \A.5\ . Let p, D, || • || be as in Proposition \A.5\ 

Let a, b, aj, bj be nonnegative real numbers. 

(i) p c * ||u||Aa+(i-A)6 < C^blMlalMlfi - * for < \ < 1, where c* = Aa + (1 - X)b. 
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(ii) Let f be a map from D into D' C R". Assume that D' is convex and B c -i p C 



D' C B Cop . Then 



P a * \\U O f\\ a < C a)Co p(||« / || jy , a _i||/ / ||S + |KlMl.f||a-l) + |M|b*,0, a > 1, 

||«°/||a < C Co mm(\\u\\ D/A \\f\\ a , ||«||D', a ||/||i) + IMId',0, < a < 1. 

(m) Lei a** = for < a < 2 and a** = a — 1 /or a > 2. Lei f be a C a map from D 
into R m . There exists Cq > 1 suc/i t/iat i/ |/' — I\ < 1/C- i/ien 

P a "llr 1 -/||/(^<Ca||/-/||a. 

(iv) Let f = I + / be a C 1 map from D into D' C R m with \ f'\ < Cq. Assume that 
DUD' is contained in a convex domain D" satisfying B p / C0 C D" C B Cop . Then 

p a * \\uof- U\\ a < C^dlu'll^ll/Ho + ||u'||^,o||/||«). 

Proof. We may assume that < p < 1. Let u*(x) = u(px), f*(x) = p~ l f(px) = x + f*(x), 
and D* = p~ 1 D. Then Z?* has the cone property. 

(i) is immediate, by applying Proposition IA.4I to u* and by using ( 1A.11I) . 

(ii) . The case < a < 1 is verified directly. Assume that a > 1. Applying Proposi- 
tion [A]4] to u* o /*, we get 

IK ° /*||r».,a < Ca(||9w*||Di,a-l||/* / ||z)»,0 + II du * II »i,Q || /*' || D»,a-l) + IKH^O- 

Since f*'(x) = f'(px), then \\f*'\\ D ^b < ||f \\ D ,b for b > 0. By flATll . we also have 

IK ° /* IK,a = || (« O /) O SJl^a > p a ||M O /|| a; 
||9M*||r»i,o-l = ||/0(9u)*||Di,a-l < P||<9w||a-1, > 1. 

Simplifying gives us (ii). 

(iv). Let f = f — I. The case < a < 1 is verified directly. Assume that a > 1. Then 

|K /* - w*IK,a < C r (||/*||o||9it*lbi',o + ll/*llo||9it*lbi',o)- 
As in (ii), we can get (iv) by flA.111) and 

ll^lk^ = p- 1 ll/o5j^<p- 1 ||/|| 8 . 

(iii) . (A dilation would give us a** = a.) Let g = f^ 1 — I + g. We have g = —f o g and 
g , = -{f'(I + f')- 1 }og. ByLemmaEH C~ l \x' - x\ < \g(x') - g(x)\ < C\x'-x\. We get 
immediately 

\\g\\f {D) ,a<C\\f\\ a , 0<a<2. 
Assume that k > 1. Let denote a derivative of order j. Recall that by flA.7p ~ flA.8p . 

d K ~g= J2 {p(f')d Jl f---d J 'f}og, k=\K\-l>0, ji = \J\i-l>0. 

jiH \-ji<k 

Set 1 + k — [a] and a — a — k — 1. Computing the Holder ratio of ( 1A.8ft and applying 
Proposition IA.5I with dj = 1, we obtain (iii) from 

ll^iu < c p~^-^- a \\f\\ 1+k+a < c' P - k - a \\f\\ 1+k+a . □ 

jiH \-ji<k 
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Remark A. 7. If all norms in Proposition IA.6I are replaced by the scalar-invariant norm 
|| • ||*, defined as 

\H*D, a = hoS d \\ S ji DtCt 

with d being the diameter of D, we can take c* = a* = a„ = for the proposition. For 
the use of scalar-invariant norms to derive estimates on the Bochner-Martinelli-Koppelman 
formula for balls in C n , see |20j . 

Appendix B. The Henkin homotopy formula 

Recall notation z' = (zi, . . . , z n -i), z = (z 1 , z n ) and x = ir(z) = (Re z, Imz'). 

In this appendix, we will derive the following version of Henkin's homotopy formula. 

Theorem B.l. Let M C C n be a graph y n = \z'\ 2 + f(x) over D C R 2n_1 . Assume that 
< p < p < 3 and 

(B.l) ^CD, f(0) = 0, df{0) = 0, \\f\\ P0 ,2 = \\r\\ Dpo ,2 < 1/Co 

with Co sufficiently large. Assume that < p < po < 3. Let if be a continuous tangential 
(0,q)-form on M p . Assume that OmW is continuous as currents on M p and admits a 
continuous extension on M p . If0<q<n — 2, then on M p and as currents 

(p = d M (P + Pi)ip + (Qq + Qi)d M y mod dr, 

where P , Pi,Qo,Qi are defined by ( \3.5§ . 

Recall that M p = M n {z: \x n \ 2 + y n < p 2 } and D p = {x e D: \x n \ 2 + y n < p 2 }. When 
M is strictly convex, see Henkin [7] for the proof. Our proof will follow [21] via Stokes' 
theorem. 

Set r = — y n + \z'\ 2 + f\x) and define 
(B.2) F ^z)=r z .(t-z) + l - w(C J -^')(C fc -A 

l<j,k<n 

S t (z) = n{CEM: \F({,z)\=t}, S' t (() = n{z E M: \F{(,z)\=t}. 
Note that r Z]Zk = r ZjZk . 

Lemma B.2. Let n > 2. Let M be as in Theorem \B.l\ There exists C\ > 1 satisfying the 
following. 

(i) If < t < (po — p) 2 /Ci and z G M p , then St(z) and S' t (z) are compact subsets of 
D po . 

(ii) Assume that f G C 3 (D po ), z G M p and < t < C x 1 min{(p - p) 2 , (1 + ||r|| P0;3 ) 1 }. 
Then S t (z) and S' t (z) are smooth and of classes C 3 and C 1 , respectively. 

Proof. Set e = ||r||p 0i2 . (i) By Lemma I5TTI D Po is convex. On M Po x M Po , \r z ■ (( — z)\ > 
\( — z\ 2 /C by Lemma [6.31 and |r^' z fe| < Ce. Hence, (i) follows from 

(B.3) |F(C,z)|>|C-^l7(2C). 
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(ii) Fix z G M po . Let Q = -2ir z (( - z). By Lemma EH ^ = (ReC,Im£) are 
coordinates of M po and 

(B.4) C = Re(-2ir z • (C - z)) = £ n - x n + 2 Im(7 ■ C') + lm{2f z ■ (C - z)}, 
(B.5) V : = Im(-2ir z ■ (( - z)) = \C\ 2 + £ T&(t,*)& 

\I\=2 

where 1Z\ is defined by (16.50 . Write u = Re(—2iF((, z)) and v = lm(—2iF((, z)). We have 
-2iF((,z) = -2ir z -((-z)-i r zjzk (( j -z j )(( k -z k ), 

l<j,k<n 

(B.6) u(& = £ + fi(&), u(& = ^a J or 1 (^ I i)e t J , 

|/|=2 

(b.7) = ic:i 2 «&) = X) 6 ' *" 1 ^'^' 

|/j=2 

where \aj\ + |6/| < C||f|| POi2 < C'e and |9 1 a/(C, z) \ + |(9 1 6/(C, < C^f || po>3 . Suppose that 
|F(C,z)| = t and 

(B.8) t 1/2 ||r|| P0 , 3 < 1/Co 

and Co is sufficiently large. To show that St(V) is smooth, we need to verify that d^ t ^{u 2 + 
w 2 ) ^ when u 2 + v 2 = t 2 . By flB~3l) - flB~4ll we know that 

\C-A/c<\iA<c\t-z\<c't 1 i 2 . 

By ( IB. 31) and ( 1B.8[) . we obtain |£ — z|||r|| P0) 3 < 1/Cq and 

l^fil + 1^1 < C(||f|| P0)3 |C - z\ 2 + e|C - z\) < C'iC, 1 + e)\U 
Assume that d^^n(u 2 + v 2 ) = 0. Then 

(C + u)(l + u&) + vv Q = 0, uu a + v(Q + v a ) = 0. 

From the first identity we get \g\ < C(\u\ + \v\) < C"(IC*| 2 + l£* | 2 )- Therefore, for t < 1/(7, 
1^1 <C|C| 2 - Now, | V | > |C:| 2 -Ce(|C:| 2 +|e| 2 ) > |IC| 2 and |u| <C\C\ 2 - ByLemmaEB] 
\dl£\ < C, and by (jE3D and (|R8|) . 

l^al<ICI/2, lC + ^l>ICI/2, 

ic:i 3 /4< kc+^)i = i«fi«i ^i^+oia 

Hence C* = £T = 0, when Cq" 1 , e are sufficiently small. This shows that t = 0, a contradic- 
tion. It is clear that for a fixed 2, u 2 + t> 2 is a function of class C 3 in ((', £ n ). This shows 
that St(z) is smooth and of class C 3 . 

For a fixed ( G M p , (C*,£*) still form a coordinate system of class C 2 for M. We have 
the same formulae (1B.4I) - (1B.5|) . only to vary z G M Po ; see Remark 16.21 Thus (1B.6I) - (1B.7|) 
are still valid, where £ is fixed and z varies in M Po . The same argument shows that S' t (Q 
is smooth and of class C 1 . □ 
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Let us recall from section [3] 

+ _ _ (r ? - r z ) -d(Ar z -d(A (d^r) n - 2 - q A (d z r z A d() q 
°' q ~ (r c ■ (C - z)r-^(r z ■ (C - z))^ • 

The following computation is essential in Folland- Stein [3]. See also Romero [T7| . 

Lemma B.3. Let n > 2 and < q < n - 1. Let M satisfy (TO) and f G C 3 . Let F(C, z) 
fre t/ie Lew polynomial of r about z G M. Let ^ be a continuous tangential (0,q)-form on 
M. Then 

f (27ri) n — 

(B.9) lim/ v ,( C ) A n+-( Cj2! ) = L_^_ V7 ( 2! ) mod dr(z), 

where the convergence is uniformly in z on each compact subset of M. 

Here is an outline. Following [3], we will use the Levi polynomial F((,z) to define new 
coordinates of M near z and compute each term in the kernel. On T Z '°M there are two 

quadratic forms h = J2i<j k<n r zi~z>*^t i A = Ei^Kn^^*^ 11, We will express the kernel 
in h and A, with error terms. When we compute the residue, the error terms can be 
removed via non-isotropic dilation. This gives us a limit kernel (see ( IB. 191) ) on a non- 
isotropic sphere. Roughly speaking, the limit kernel is expressed in h and A, but not in 
A. For latter purpose we will use — 2iF((, z), instead of its linear part — 2ir z ■ (( — z), as 
part of coordinates. Without A, we remove A in the limit kernel by averaging. By a linear 
transformation, we reduce h to the identity, and compute the residue. 

CHANGE NOTATION. Let C = C ~ z' and 
(B.10) C = -2»F(C,*) = -2ir z • (C - z) - i £ f zizk (C ~ *>)(C* ~ A 

l<j,k<n 

Then near z G M po , C*,£™ form coordinates of M po . We will modify some earlier computa- 
tions where the approximate Heisenberg transformation is used. 

Applying a remainder formula on convex domain D po x R and then letting (, z G M po , 
we obtain 

r (()-r(z)=2ReF((,z)+ ^ r^tf - z^){^^) + E((,z), 

l<j,k<n 

E((, z) = o(\(C - z',C - x n )\ 2 ), Id'EiC, z)\ < C\\r\\ P0 M' - ~ ^)\ 2 - 
With z G M po the equation r(Q = becomes 

E r z ^-zJ)(C^)+E((,z) = 0, 

l<j,k<n 

where ( n — z n , with (' — z' — £*, is a local solution to (IB.lOj) . Replace £ — z by the solution 
expressed in £*■ Solving for 77" from the new equation shows that for (C*>£«) £ ^zi^po) 

(B.n) c= £ ^cc' + odCD + odeiici + iei 2 )- 

l<a,/3<ra 

Write A(C,C) = o(*0 if r ^(*C t2 C) tends to zero uniformly for \Q + \^\ < 1 
and small \t\, where A is a function or differential form. Write ^4(C*>C0 = 0(k) if 
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\t- k A(tC,t 2 C)\ < C. Thus C' - z' = 0(1), C = 0(2), < = 0(1) and = 0(2). 
By f lETb - flFTTll . ( n - z n = • C + 0(2). The Levi matrix (h a p) at z is determined by 

(B.12) J2 ^(C J -^')(e^)= £ ^C%" + o(2). 

Explicitly, we have 

(B.13) /i Q ^ = r zQ ^ - r za ^n — — r z ^ + r z n^n — — . 

We also have the holomorphic quadratic form 

(B.14) ^(C J -^')(C fc -^)= E ^CCf + o(2). 

Set /i = (/i Q ^) and A = (A a p). To simplify the notation, we define 

MCC)= E ^cc/, co= E 4*C?Cf. 

l<a,/3<n l<a,/3<ra 

We can write 

We will need to express the kernel in h = {h^) and A = (A a p), but not in (A a/3 ). This 
will play a crucial role, when we eliminate A later via averaging. 



For the denominator of the kernel, using (IB.lOj) we get 



(B.15) -2ir M .(C-*)=G + i E r z3zk (C -zn(( k -z k ) 

l<j,k<n 

Using r c • (( - z) = r z ■ (( - z) + (r c - r z ) ■ (( - z), we get 

-2ir r ((-z) = -2ir z -((-z)-2i E ^(C J - ^')(C fc - ^') 

l<j,k<n 

-2i E r^(C-^')(C r3 ^)+o(2) 

l<j',fc<n 

= -2zr z • (C - z) - 2i(h(C,C) + A(C O) + o(2) (by flEE&-dEH) 
= € - i(h(£,(l) + A(C Q) + o(2). (by mB) 
We arrive at the basic relations 

(B.16) -2*r c -(C-z)= C - i(h(C,m + A(C O) + o(2), 

(B.17) -2zr, • (C - z) = € + C) + A{&, Q) + o(2). 
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We now computer the numerator of the kernel. Using the first-order expansion of 
about z, we get 

(r ( -r z )-d( = {r z iA( k -z k )+r z ^(( F ^)+0(2)}dC 

l<j,k<n 

= d < E {lr z >A( J -z J )(( k -z k )+r z ^(C-zr)((^¥)}+o(2). 

l<j,k<n 

Note that for fixed z, ( — > C* is holomorphic. So we can switch the above to and 
then restrict it to M, which gives us 

(B.18) (r< - r z ) ■ d( = h(dCC) + A{d& Q + o(2). 

Recall that (* = -1ir z ■ {( - z) - i Y^i<j,k<n r *** k (& ~ z j )(( k ~ z k ). Applying d c gives us 
-2ir z ■ d( = d c {c + i r z i zk ((i-z j )(C k -z k )} 

l<j,k<n 

= d c {c + i 4*CC? + °(2)} bydEH 

l<a,/3<n 

= dC + 2iA(dCC) + o(2). 
Recall that z is fixed. So on M we have 

d c d c r = ddr(() = dd{ ^f(C J -^')(C F3 ^) + o(2)} 

l<j,k<n 

= dd{ K-pCC?) + o(2) bydEH 

l<a,/3<n 

= -h(dC,d~C) + o(2). 

On M, dr z3 = du r zi mod dr(z), and dr z j = Y^3=i{ r zizP~^ r z j z n )dz^ mod dr{z). Recall 
that C - z n = -r~}r z , • C + 0(2). Thus d( n = ■ d£ + 0(2). Therefore, 

(dr z )Ad(= V (r^-^r^dz? AdC + 0(2) 

l<a,j3<n 2 

- 5" (t>*» - —r znz n)dzP A — dC mod9r(^). 

l<a,/3<n 

Looking at (IB. 131) . we see that 

(dr z )Ad( = -h(dC dz 1 ) + 0(2) mod dr(z). 
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We apply the non-isotropy dilation T t (£,£™) = (t£,t 2 Q) an d summarize the above as 

r 2 T;{-2i H • (c - z)} = € - mCCi) + A(£, £)) + o(t°), 

t-%*{-2zr z ■ (C - z)} = C + mCC) + A(C, £)) + o(t°), 
r 2 T t *{(r c - r z ) ■ dQ = h(d£,£) + A(dC, £) + o(t°), 
t-%*{-2tr z ■ dQ = dQ + 2iA{d£, £) + o(t°), 
t- 2 T;{8 c r ( Ad(} = - h (d£,d£)+o(t°), 
r l T*{8 z r z kdQ = ~h(d£, dz 7 ) + 0{t) mod dr(z). 

By ( jETTOl) and (fB~T5l) . the subset of M defined by 2|F(C, z)\ = t 2 has the form 



St(z) = {(£, C) ■ Iff + iKC C) + o(2)| =t 2 }. 
Then we have a non-isotropic sphere 

limTr 1 ^) = {(CO'- \€ + ih(£,C)\ = 1} = S. 



Set N*(£, O = £* +ih(C, £)■ As i tends to 0, t- q T t *n+~ q) mod <9r(» converges uniformly 
in a neighborhood of S to f2 given by 



(B.19) 



(h(d£, Q + A(d£, £)) A (dC + 2iA(d£, £)) A C)"" 9 " 2 A hjd£, dz>) 

-(20i-iVr 9 - 1 iVr 1 (l - iW: X £A£ T ) n ~ q ~\l + i N- 1 £A£ T ) q+1 



Here iV* = iV*^,^™). Note that except at the origin, the above form is smooth in the 
(CO-space- Therefore, for ip(() = J2\i\= q ^/(CMC 

/ ^(c)Afi+-(c,z)= / ^((((u:))a^((((u:)^) 



T;{^(c(c:,e))A^(c(c:,e)^)} 

(a,e)eT- i s t ( 2 ) 

EwW/ T;{dC 7 Afi+-(C(C,C)^)} moddr(; 

|j| =g ■/(Ci,ff)e3T 1 &(*) 



We obtain 



Jim/ v(C)AnJ^(C,«) = X)^) fdC'jA^CCz) moddr(z). 

Return to Jl, defined by ( IB. 191) . We are ready to remove A via an averaging. By ( IB. II) . 
|A| is small. Express (1 - iN- 1 £A£ T )-^ n - q - 1 \l + iN^QACj J-C9+ 1 ) as a convergent 
power series in iV"" 1 ^^^ and iV* <^v4<^ T . Note that N(£*) is invariant under the rotation 
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>■ (CO -> (e' e C,C)- Using |J| = g, we can verify that 

/ da 1 a q(c,c, z) = ^ r de [ da 1 a q(c, c, *) 

J(Ci,&)eS An Je=o i(c;,e)ee 8 s 

= J- ^ / e ;{C 7 a n> = / f* e ;{da J a n}d*. 

^ Je=o J(a,£")£S Z7r J(a,£")es Je=o 



Therefore L, d(f A f2(C, £, *) = L, MeS A ft'(C £, *), wh ere 



•/-''' ■ - '-' > 

^'(CU*V) 



, f „ _ . . dChQ AdCA(dCAhdQ ) n ~i- 2 A(dCAhdz> )« 



-(2i) i -"ivr 9 " 1 (e*)^* +1 (e*) 

In eliminating ^4, we have used the fact that there are no terms C* C* in pi6ji - (jB17jl . 
Take a linear transformation = U(Q),£ n = £™ such that 

HCZ) = \C\ 2 , C = i n + i\(f. 

Let 2' = U(z'). Under the new coordinates and on \( n \ = 1, ^'(CCN^) becomes 
fig |n - = (C • A dC A (dCArf?)"-^ 2 A (rfCArfl 7 )^ 

= ■ dft A d//(C") A (d('Ad[T~ q ~ 2 A (rfC'Arfl 7 ) 9 . 

Here 

{-(2i) n ~ 1 (n - 2g - l) -1 (C n ) n_29_1 , n - 2g > 1, 
-(2z)^ 1 logC, n-2g = l, 

-(2i) n ~ 1 (n -2q- i)-i(fn)i+2«-n n _ 2g < i. 

Note that Im£ n > and yu(C n ) is smooth on |£ n | < 1. By Stokes' theorem, we get 

CgdJ 1 = [ dC A (f ■ <) A A (dC 'AdC) n - q - 2 A (rfC'Arfl 7 ) 9 

d/JiiC) A (dC'Adf A dj' A (rfC'Arfl 7 ) 9 . 

IC"l<i 

To rewrite the integrand, introduce variables £ = (£i, • • • ,£ q ), r], x, y so that 

_ _ 

d(' = d£ , d( Ad(' = d£,Ad£ + drjAdrj, dC,' Adz' = d^Adx + drjAdy. 

Then (d£Ad£ + dr]Adfj) n ^ q ^ 1 A df A (d^Adx + dr)Ady) q equals 

(di 1 Adrf) n - q - 1 A df A (d^Adx + dr]Ady) q = (dr ] Adri) n ~ q ~ 1 A df A (d£Adx) q 
= {-l) q {dr)Adf)) n - q - 1 A {d£Adl) q A dx 1 . 
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The last term equals (— l) 9 ( n ^ 1 ) (d£Acf£ + drjkdrj) 71 ' 1 A dx 1 . Therefore 

CgdJ 1 = ( U ~ ^ [ d/j(C) A (dCAdCT" 1 A dl 7 '. 

V Q J i|C' l l<i 

We now compute c q . By the definition of /i(C n ), we get 



c q = {-iy+H n -\n - 1 - q)\q\ f (CT~ 2q ~ 2 dV(0, n > 2q + 2, 

Jiei<i 

c q = (-l)H n -\n - 1 - q)\q\ [ (C) 2q ~ n dV(0, n<2q + 2. 

J\c n \<i 



We first consider the case n > 2g + 2. Define cr n _i — 2 ^_ 2 )i and cr n _i ig — 2 (n-2q-i) • 

Set 

t = £ n and s = Using polar coordinates, we get 

j = / (ct~ 29 ~ 2 ^(o = <7„_i / / (t + ^ 2 ) n ~ 2g - v n - 3 dsdt 

i|C"|<l ^-1 >/s=0 

0r "- 1 /"'{((l - S 4 )* + ^ 2 )"- 2 ^ 1 - (-(1 - + ^ 2 )™- 2 "- 1 } S 2 - 3 ds 



n — 2q — 1 Jo 



y (a - s 2 ) i *+ isT'^-h^ 2 ds. 



Set s = sin 0. We get J = a n _ hq J_^/ 2 (cos 9 + i sin fl)™- 2 ?- 1 sin (n " 2) cos d0. Hence 
J = ° n -^\ [ z n - 2 *- 1 (z-z)^ 2 (z + ? d - 



2{2iy-^j VA=1 ' v ^ 

o-n-LgTr^-l)"- 9 - 1 f / Ti-2 \ / n-2 \) a n _ 1 Tii{-l) n " q {n - 2)! 



(2Z)"" 1 [Vn-g-ly V^-?- 2 /J 2(2i) n - 1 (n-g- l)!g! ' 

where (™I 2 ) = ("if) = 0. We get c q = l(2m) n for n > 2q + 2. For n < 2g + 2, we can 
verify that c q = (— l) n c n _i_ 9 = |(27ri) n . The proof of Lemma IB. 31 is complete. 

We need the following lemma from [Tj, where \F((, z)\ — t is replaced by |£ — z| = £ and 
only r G C 2 is needed. 

Lemma B.4. Let 1 < q < n — 1. Let M, po as m Lemma \B. 31 Assume that r is of 
class C 3 . Let if be a continuous (0, q)-form on M Po . If < p < p and t > zs sufficiently 
small, then on M p , in the sense of currents, and modulo dr(z), 

JF((,z)>t JF{(,z)>t 

Proof. For the convenience of the reader, we reproduce the proof in [7|. Since r G C 3 , for t 
sufficiently small, both integrals are continuous on M p . To verify the identity in the sense of 
currents, let ip be a smooth (n, n — 1 — g)-form with compact support in M p . Interchanging 



4!) 



the order of integration, we have 



Z(z)= / v(C)A^ a) (C,*)A^) 

J zeM J F((,z)>t 



<p(C) A d g n+- - JC, z) A 4j(z) (by Fubini) 

t<EMJF((,z)>t 



CeM JF(c,z)>t 



Applying Stokes' theorem yields 



l(z) = {-I)* / / d M 1>(z) A^-^iCz) A^C) 

J(GM JF(C,z)>t 

JCeM JF(C,z)=t 

( p(()An+- ) ((,z)Ad z 'ilj(z) 

CeA/ JF((,z)>t 

+ (-i) q+1 [ [ tp(OAn+-_ 1) ((,z)A^(z). 
JCeM JF((,z)=t 

Interchanging the order of integration in both terms yields 

l(z) = -[ [ tp(OAn+-_ 1) ((,z)Ad z iP(z) 

Jz£M JF(C,z)>t 

+ / / <P(Q A ^(C, z) A iftz) 

JzeM JF((,z)=t 



^(C)AflL-l)(^) A W(4 

z£M J F{C,z)>t 

Here the second last term vanishes by counting total degree in £, which equals g+2n— q— 1 > 
2n - 2. □ 

As in [21] , the above two lemmas can be used to derive the Henkin homotopy formula for 
(0, g)-forms on M p via Stokes' theorem, when r e C 3 satisfies (IB.lj) . Here are the details. 
Let M\z) = M P0 n {(: \F((,z)\ > t}. We will use + = for C ^ z and 

1 < g < n - 2; see [21]. Then on M p 



<P(0 A *) = / A + (-1)" / </>(C) A 

SM* ./Af*(«) JM'( 2 ) 



d c y>An+- ) ((,z) + (-iy- 1 / ^(c)a^o+-_ 1) (c^). 

M f (z) ' JM t (z) 

Using Lemmas IB.31IB.4l and letting t — > 0, we obtain, modulo 9r(z), 

9M P0 </A/ P0 JM Po 
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-1 



9-1) ' 



Now assume that < q < n - 2. Then -tt±~ q) = 9^?+^ + 9^?J~_ 1) ; see [2T]. We get 
that modulo 9r(z) 

<p(C) a nt-jCC, *) = - / <p(C) a 3 c n°f-j - / v?(C) a 9^°+- x) 

d b p(0 A n£~j - (-1)«9 6 / rtC) A ng+ 
Therefore, modulo 9r(z) and as currents, 

9^(C)Afi+ M (c,^) + (-ir / ^(C)An^(Cz 



M P0 JdM PQ 



9M P0 



We now derive the homotopy formula by reducing the regularity condition. Notice that 
when M is C 2 and strictly convex it is proved by Henkin 



Case a) r e C 2 and p 6 C 1 (M po ). Let < g < n — 2. Fix a tangential (0,g)-form <£> of 
class C 1 on M po . 

Write x = (Rez, Imz') and £ = (Re£,Im£') with £, z e ^p - We first consider the case 
when p has compact support, say in M pi with p 1 < p . Then P'm (p has no boundary 

term. Recall that ty(£,x) = (i/j x (Q, x) = is defined by relations Q = (' — z',(* — 

-2ir z {( - z) and (, z G M Po . By (JO]) -(El) and ([HID, ° n A* 

, -." ( . r ) = > 'l-(.v) (' 



\I\=q-l 



|E-| = l|J|= g ^ B 9 PQ 

^ar) = ^ 7 (0, = 1+ C iL ° ^(M&K 1 ^ 

\L\=2 

Here Aj R ,Cji are functions of the form d 2 r, d 2 r, respectively, defined in section [HI These 
functions depend only on derivatives of f of order at most two. We take a sequence of C°° 
functions f m converging to f in C 2 -norm on D po . Subtracting f m by its Taylor polynomial 
of order 1 about the origin, we may assume that f m (0) = and 9f m (0) = 0. In what follows 
we use the letter m to indicate dependence on f m . Let M m be the graph y n = \z'\ 2 + r m (x) 
over D Po . Let p e (pi,p ). There exists m* such that for m> m, 

D pi CD^C D po , D™ = {x £ D po : \x\ 2 + f m (x) < p 2 }. 
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Assume that m > m*. Then by ||^ m ||D P0 ,2 < 1/Coj -D™ is strictly convex. Note that ip is 
still a tangential (0, g)-form of M m on -D po . By the homotopy formula for the smooth M m , 

(B.20) (f = Dm^P'm^V + Q'm^m^^P- 

By the formula of Tj, it is clear that |Tj >m | > 1/2 for m sufficiently large and ^ G 
£>9 P fl ip™(D p ). Since y9j has compact support, we have 

\{(<PjA%) o ^ ■ • ^}(C.,x)| < C, ^ 0. 

Since G Lj oc , by the dominated convergence theorem, Tfj converges to I/j pointwise 
on D P1 as m — > 00. Thus, P'^m^ converges to P'mJP pointwise on _D P1 . By the C°- 
estimate on Pg (see (19.31) ). we know that \P' Mm ip\ < C on £) pi C fU-D™. Since tp is of 
class C 1 , dM m( f converges to du^P uniformly on D po . Next, we fix an (n,n — q — l)-form 
ip = ^ij^n-q-i^jdz 1 A ■ ■ • A dz n ~ x A dr(z) A dz' J of class C 1 and compact support in 

D pi . Then ip m = J2\j\= n - q -i^h'dz 1 A • • • A dz n ~ l A dr m (z) A Gfe /J is an (n,n — 1 — g)-form 
of M m on Obviously, ip m converges to ip in C 1 -norm uniformly on R 2n_1 . Now one 

can see that j D P^ Mm tp A du m ^ m converges to j D P^Mpf A ^m^- A similar argument 
shows that Q' MmdM m( P are uniformly bounded and converge to Q^m^m^P pointwise on 
D Pl . Thus J D (Q' 0jM md M mi f) A ip m converges to f D (Q^M^Mf) A ip. By the homotopy 
formula (jB^Oh l 

(B.21) / vAr = / (Po M ml *P) A 9 M -^ m + / (Qo M rn ^M rnt -P) A 



Taking limits, we see that as currents, 90 = BmP^m^ + Q'o,m ®m<P holds on _D pi . Since 
has compact support in D pi C -D p , we replace the domain of integration M p by M po and 
add boundary integrals. We get cp = OmPm^V + Q'm P0 ^mV on D pi as currents, and hence 
on D po whenever <p has compact support in D po . 

Return to the general case. Let M m be as before. Take any p%, p 2 , p such that < p\ < 
p 2 < p < Pq. Take a C°° function x which is 1 on D p2 and has compact support in D po . 
Let <p = XV an d (pi = (1 — X)f- We have proved that (p = OmPm^o + Qm^mPo as 
currents on D Po . Let ip,ip m be as before, which are supported in D Pl . By an analogy of 
(1B.21j) . for m > m* we have 

ip>i A ip m = [ (P' Mm pi) A d M ^ m + [ (Q'mJm^i) A 



Since supp ip m C D pi and supp <pi C D po \ D p2 , the dominated convergence theorem implies 
the convergence of f D (P^m^Pi) ^Qm^ 171 to J D (-fo,M p ¥>i) A 8m^- The integrands for the 
boundary integrals (P{ > m™ 1 Pi)( x ) are °f class C 1 in a neighborhood of dD p , when x G D p2 . 
Note that the map d p sending x G dD p to r p (x)x G with r p > converges to 

the identity map in the C 2 norm as m — > 00. Thus we can verify that P{ M , n ipi converges 
uniformly to P[ m (pi on D pi . Combining with supp ip m C D pi , we obtain the convergence of 
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Id p1 ( P i,m;Vi) /\d M ™ip m to / (P{,m p ¥i) hd M ip- One can verify that f D (Q'^m^m^i) A 
ip m converges to J D (Q' ltM Om^Pi) A ip. Hence <pi = OmPm^i + Qm p 9m^\ as currents on 
D Pl . The definition of <p\ is independent of p > p<i- Letting p — ► p , we get <pi = 
d M PM P0 Vi + Qm P0 9m<Pi on D pi . Add to v?o- We get cp = d M PM P0 <P + Qm p ^mP> as currents 
on D P1 , and hence on D po . 

Case b) r G C 2 (D) and (f,dMf £ C°(M Po ). We verify the homotopy formula by the 
Friedrichs approximation theorem, for which we need the commutator of a smoothing 
operator St and &m, applied to tangential (0, g)-forms. 
Recall that on M 

(B.22) 0(f) = -2idr(() =adC mod (C^), a = 1 + f|„. 

Let = $^iji=g fj^dz' 1 be a continuous tangential (0, q) form on M. Let x be a smooth 
function of compact support in R 2n_1 such that f \dV = 1. Let Xt( x ) — t 1 ~ 2n x(t~ 1 x) an d 
define S t (p = 2~^|/| =(? V 5 / * Xtdz' 1 . Recall that X a = c\a + bad x n with 6„ = — r^/{2r^u). 

Lemma B.5. Let M C C n be a graph of class C 2 over D C C n_1 x R. Assume that 
f is a continuous tangential (0,q)-form on M p such that duP 1 is continuous on M p . Let 
< p' < p. Then for t sufficiently small and on M p >, 

[d M , S t )<p(x) = Yl f {^ x - *£)* -1 (Mz) - bs{x - tO)(%x)(0 

\I\=q,l<a<n 

- ((fja^X^ix - t£) x (0}dV(0 A dz* A dzf 1 . 

Proof. We follow a computation in [Jj; see also pH] (p. 121). Let cp = Yli\i\= q Pjdz' 1 . By 
the assumption, we have OmP = 2^|j|= g +i ^dz' 3 with ip-j G C°. Now 

d M S t <p(x) = Y E / ^(O^fW - A rfi^ A dl 7 ', 



|J|=9+1 



Set z/ = ciC 1 A ■ • ■ A rfC n_1 A df n . We may assume that dV = dC, 1 A • • • A rfC n_1 A v. For each 
J = (ji, . . . , jq+i), there exist increasing indices J* = (J*, . . . , j*_ 2 __ 9 ) and e J = ±1 such 



that dC 1 A • • • A dC n ~ x = e J d(' J A rfC /J *- Now, 

S t d M <p(x) = e ' J J M0Xt(x - ^ A rfC J * A !/ A dz 7 " 



|J]=?+i 



£ eJ / 9 mV A - rfC ,J * A v A <fe' J . 



|J|=q+l 
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By Stokes' formula, (13. ip and (IB. 22ft . S t dM<fi(x) equals 

£ (-l) ?+1 e J / m A a(0d®(a-\Z)Xt(x ~ 0) A flf A z/ A dHJ J 

\J\=q+l 

= E E ^/^(O^^^^A^A^Ai/Ac^ 
[/[= 9 [j]= ?+ i ^ a ^ 

= -E E /^(o«(o^i («~ 1 (Ox t ^-o)^(OA^Ad7 / . 

Set £ a (£, x) = a(0Xf(a^(0Xt(^ - 0) + *t\xt{x - £)). We get 

[d M , s t )(p(x) = E E / ¥t(0£«(£, *) a ^ a 

\I\=q l<a<n J 

which can be put into the form in the lemma. □ 

We now derive the homotopy formula for the case b) via smoothing. We have 

d M S t (p - d M cp = S t d M cp - d M cp + [d M , S t ](<p - Sfip) + [d M , S t )S t rcp. 

Fix p < pi < p and e > 0. Fix t' > sufficiently small such that \St>ip — y?| < e on M pi . 
By Lemma IB.5| for all small t 

(B.23) supl [Dm, S t ](<p — S t ><p)\ < C sup \ip — S t '(p\ < Ge. 



Mo 



Let S t '(f = J2\i\= q ' l h dz ' ■ Tnen [9m, S t ] = J2[bad x n,S t ] and 

(\d M , S t ]ip){x) = ^ E Xt(y)Q>a(x) -ba(x- y))d x n^ 7 (x-y)dV(y)dz' 1 . 

\<a<n \I\=q J 

This shows that lim t _» [<9M) St]St><p = on M p . We also have lim^o S t dM<£ = duty on 
M p . Therefore, (IB.23[) implies that lim t ^ 8m S t <p = duf on M p . Now by case a), <p t = 
OmP'm ft + Q'm ®M<Pt holds on M p as currents. Letting t — > and then p — > p , we obtain 
<p = OmPmqP + Q'm q 9mV on M po in the sense of currents. 
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